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IABSTRACT
This study investigated the bonding technique for the joining together of tubular sections 
which are under axial loading. In particular the yielding of polymers was studied and the 
criterion which was eventually used in the analyses was a modification of the Von Mises 
one. The Paraboloidal criterion accommodates differences in tensile and compressive yield 
strengths and accounts for any dependence of yielding on the hydrostatic component of the 
applied stress state.
The yielding behaviour of the thin layer of the adhesive epoxy resin was analysed and it 
has been shown that the prediction of the adhesive strength is affected by the progress of 
the yield.
Comparisons between the Paraboloidal and the Von Mises yield criteria have also been 
applied to a modified tubular joint involving threads within the bonded region. It is 
suggested that the prediction of the stresses at yield, using the modified criterion have a 
greater credibility compared with those of the Von Mises.
The paraboloidal yield criterion has been implemented correctly in a standard finite element 
package ABAQUS. The author has made use of the "user subroutine" facility which 
allows a user of ABAQUS to write a sub-program defining the material constitutive 
relations to be used in an analysis.
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CHAPTER 1
INTRODUCTION
2
1.1 GENERAL INTRODUCTION
An adhesive is defined by ASTM (American Society for Testing and Materials) as a 
"substance capable of holding materials together by surface attachment"[Ij. In an 
adhesively bonded structure, the bond (or joint) is the location at which two materials, 
called the adherends, are held together with a layer of adhesive.
The forces of attraction which act across the adhesive/adherend interface are referred to 
when the term adhesion is used. These forces are responsible for holding the materials 
together. They may arise because of the:
(a) formation of chemical bonds,
(b) physical interactions, such as dispersion forces,
(c) mechanical interlocking.
In the last mentioned case, the adhesive is assumed to penetrate pores and any other 
surface irregularities at the adherend, which are always present on a microscopic scale, 
thus producing good mechanical interlocking.
As a means of joining materials, adhesives have been used by mankind for many centuries. 
However, It is only in the last 50 years or so, that the science and technology of adhesion 
and adhesives has really progressed significantly and the major advances that have been 
made may be traced from the middle of the 1940’s. The main reason for this is that the 
adhesives employed in nearly all the technically demanding applications are based upon 
synthetic polymers. Such materials possess the balance of properties that enables them to 
adhere readily to other materials and to have an adequate strength so that they are capable 
of transmitting the applied loads or forces from one substrate (adherend) to the other.
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The use of adhesives in technically demanding applications has provided the impetus for 
the research and development of new, improved materials and identified the need for, and 
supported studies on, the more fundamental aspects of the underlying science. The wide 
range of synthetic polymers, and ancillary products such as hardeners, stabilizers, 
toughening additives, etc, which have become available over the last few decades, has 
enabled the adhesives technologist to develop specific adhesive formulations to meet the 
manufacturing and performance requirements of very diverse applications for both industrial 
and domestic applications.
1.2 SCOPE OF THE PRESENT WORK
A criterion for the failure of adhesives under mechanical loading is needed in order to 
calculate the strength of adhesively bonded joints. Since the 1940’s, the failure of many 
engineering materials has been described via the theory of plastic yielding.
Plastic yielding in metals occurs by slippage along crystallographic planes associated with 
the movement of dislocations. The two most common criteria for the initiation of this 
plastic shear deformation are associated with the names of Tresca and Von Mises. In the 
first case yielding starts when the maximum shear stress on any plane reaches a critical 
value. In the second case yielding starts when the elastic shear strain energy reaches a 
critical value. In both cases the condition for yielding is independent of the hydrostatic 
stress and deformation takes place with zero plastic volumetric strain.
The deformation of amorphous polymers has no known simple mechanism analogous to 
dislocation movement and, in view of the complex structure of these materials, the process 
by which plastic yielding occurs is more complicated. It is now well established that 
yielding in polymers is dependent upon the hydrostatic stress component and that polymers
4
undergo a volume change during the deformation process; also the tensile and compressive 
yield strengths are not equal. Because of these differences between the behaviour of metals 
and polymers, several alternative criteria have been proposed to describe the yielding of 
polymers. One such criterion is the linear pressure modified Von Mises yield criterion [83] 
which suggests that the deviator stress is linearly dependent on the mean normal stress. 
The Mohr-Coulomb yield criterion, originally proposed for soils [76], specifies that yielding 
occurs when the shear stress on the failure plane reaches a value which is linearly 
dependent on the normal stress on the same plane. In a third criterion, proposed by 
Raghava et al [68], there is a non-linear dependency of deviator stress on mean normal 
stress. Both the compressive and tensile yield stresses appear in the equation which 
describes the combination of stresses which will cause yielding. This third criterion is 
usually known as the "Paraboloidal yield criterion" for a reason to be explained in section
3.11 (Chapter 3 Part II).
This thesis describes how the Paraboloidal yield criterion was incorporated in ABAQUS, 
a standard finite element package. Analyses were then performed on tubular lap joints 
in which the yielding of the adhesive was governed by either Von Mises or the 
Paraboloidal yield criterion.
1.3 ORGANISATION OF THE THESIS
The next chapter in this thesis, chapter 2, reviews the literature relevant to the present 
work. The scope of the review is broad, ranging from the analytical determination of the 
stresses in different types of joints, through to the numerical solutions based on Finite 
Element Technique (FET). In addition, the standard test methods typically used to assess
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the mechanical behaviour of adhesive joints in the laboratory will be considered. 
Furthermore, to predict the actual failure load requires a suitable failure criterion to be 
proposed and verified, and the various criteria which have been employed are discussed. 
Finally, the approach of continuum fracture mechanics is described in the interests of 
completeness. This approach is perhaps more useful for problems concerning crack growth 
and fracture rather than for aspects of joint design, and the associated topic of interpreting 
the effects of joint geometry on the measured mechanical behaviour, continuum fracture 
mechanics can be a valuable tool.
Chapter 3 is divided into two parts - Part 1 describes the basic concepts of continuum 
mechanics, especially the principle of virtual work which is used to derive the required 
governing equilibrium equations. The finite element discretisation for these equations is 
also explained. In part II some of the fundamentals of elasto-plasticity using the Von 
Mises and the Paraboloidal yield criteria are presented. A finite element formulation 
incorporating the elasto-plastic model is also given.
The Tresca and Von Mises yield criteria imply that the yield stress of a material is 
independent of the hydrostatic component of stress. Although this is true for many metals, 
the yield stress of many polymers has been found to depend on the hydrostatic component 
and, to describe their behaviour, various modifications to these criteria have been proposed 
in Chapter 4.
Chapter 5 explains in detail, the structure of subroutine "UMAT" which was written by 
the author to implement the Paraboloidal yield criterion in the ABAQUS finite element 
package. The results of a complex problem are then examined in detail to ensure that
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the Paraboloidal yield criterion was implemented correctly. The yield criterion was also 
implemented in one of the publicly available programs named PLANET. This program is 
published in the text by Owen and Hinton [72].
The ABAQUS program has good user documentation [2] which fully describes the interface 
between the user subroutine and the rest of the program. Although the non linear 
techniques used by ABAQUS are also described in the documentation, there is inevitably 
some uncertainty about the precise details of the program’s working. This is the reason 
for also implementing the yield criterion in PLANET where the complete Fortran source 
is available.
Chapter 6 will consider the nature and magnitude of the stresses in the common type of 
the tubular joints. The results of elastic analysis using the finite element method are 
compared with the analytical solution by Lubkin and Reissner [10]. Also the effect of 
the overlap length and the adhesive thickness are studied. In addition, elasto-plastic finite 
element analyses are performed when the adhesive is idealised as an elastic perfectly plastic 
material, using both Von Mises and Paraboloidal yield criteria. Finally, two methods for 
failure prediction are shown.
In Chapter 7 the discussion will centre around a ’bonded’ joint which has been developed 
at the Composite Structures Research Unit of the Department of Civil Engineering 
specifically for forming nodal joints in double layer skeletal structures manufactured from 
tubular glass reinforced (g.r.p.) members. The system involves ’bonding’ a glass filled 
Nylon end cap onto the pultruded tube and sandwiching the caps between two specially 
formed composite Plates which form the nodal joints. The system is shown in Figure 1.1,
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although the example considered is unique in its construction the stress analysis undertaken 
by the finite element technique is quite general.
Finally, the main conclusions arising from the results of the research are discussed in 
Chapter 8, which also suggests the directions in which further work would be beneficial.
CHAPTER 2
TESTING, ANALYSIS AND FAILURE OF 
STRUCTURAL ADHESIVE JOINTS
9
2.1 INTRODUCTION
The capabilities of structural adhesives allow improved performance relative to other joining 
techniques in many applications. To ensure the performance of structural adhesives, proper 
testing, analysis and a failure criterion are required. Testing provides insight into 
mechanical properties of structural adhesives. These properties are dependent on the mode 
of load application such as tensile, shear, peel, or any combination of these.
Analysis of structural adhesive bonds determines the stresses in various joint geometries 
caused by the applied loads, and as a result, predicts the joint performance. These analyses 
have been conducted using both analytical and numerical methods.
This chapter will discuss the testing, analysis, and failure of structural adhesive joints. 
Adhesive bond best techniques to be considered include tensile, shear, and peel. A 
continuum approach to the analysis of adhesive joints will discuss tensile, shear, and peel 
stresses which arise in various joint geometries. Classical theories by Volkersen, Goland 
and Reissner, and others will be included. References to finite element analysis will be 
made where appropriate throughout the chapter. However, the prediction of the actual 
failure load requires a suitable failure criterion to be proposed and verified, and the various 
criteria which have been employed are discussed.
Another section of the chapter will consider fracture mechanics. General theories on 
fracture mechanics and test techniques used to characterize structural adhesives, fracture 
behaviour will be discussed.
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2.2 MECHANICS OF ADHESIVE JOINTS
When a structure consists of two or more materials joined, for example, by an adhesive 
joint, a non-uniform field of stress is likely to occur. Differences in elastic properties 
between the adhesive and the adherends, and between the adherends, as well as geometrical 
asymmetry in the joint, introduce stress concentrations.
Elastic anisotropy, or the tendency of a material to exhibit unequal elastic properties in 
different directions, as in the case with glass-fibre-reinforced plastics, also has a noticeable 
effect on the magnitude of stress concentrations in an adhesive joint; in addition the 
geometry and dimensions of the joint have great effect.
Inelasticity in the adhesive or in the adherends has a significant effect on the stress 
concentrations in an adhesive joint. Inelastic behaviour in the adhesive (ie a non linear 
relationship between stress and strain), tends to reduce the magnitude of the stress 
concentration in a joint as the load is applied. On the other hand, inelastic behaviour in 
the adherends tends to increase the magnitude of stress concentrations.
Plasticity, or a tendency to deform permanently under load, in an adhesive or in the 
adherends can also have a significant effect on the magnitude of the stress concentrations.
The method most attractive to an analyst is to set up a series of differential equations to 
describe the state of stress and strain in a joint, then by using stress functions or other 
methods, closed-form algebraic solutions may be obtained. In the simple case where the 
adhesive and the adherend are elastic, it is possible to devise a solution for given boundary 
conditions. These methods become increasingly more difficult as more complicated
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geometries, different elastic properties, elastic anisotropy, inelasticity, and plasticity are 
taken into account.
Modem digital computers have led to the use of a variety of numerical techniques for 
solving problems of mechanics, fluids, thermodynamics etc. In one of these methods 
applied to adhesive joints, the structure is split into a series of small parts (called finite 
elements), each of which obeys the prescribed material behaviour and interacts regularly 
with its neighbours in terms of force continuity and displacement compatibility. The finite 
element technique (FET) is very powerful, it can be used to accommodate awkward shapes 
plus material and geometric non-linearities. It can be efficiently utilised in that small 
elements need only be employed where there are large stress gradients. However, one 
main drawback to the technique is that each solution applies only to a given set of 
parameters, a new computation is required each time these parameters change, consequently, 
the cost in computing time for a parametric study is significant.
In addition, it is necessary to use very fine meshes in areas where large stress gradients 
are present. Thus, the computing power required is large and the cost of a parametric 
study un-attractive, particularly where non-linear behaviour is included. However, for 
investigations into the mechanics of real joints, there are few alternatives to the (FET).
2.2.1 .Toint Geometry
Connections between structural members may be classified into five main configurations: 
collinear, offset, ell, tee, and overlay. These five configurations include nearly all 
situations encountered in the connection of structural members into useful shapes. Joints 
between adherends may be classified as butts, laps, and scarfs. Structural members may
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of course be classified as flat, sheets, simple curved sheets, compound curved sheets, rods, 
bars, tubes, etc. Combining these classifications we have such combinations as the tubular 
collinear scarf, the flat offset lap etc. Figure 2.1 presents a variety of joint configurations.
This chapter will not provide detailed mathematical derivations of stresses in the various 
joint geometries since this could account for an entire book. However, relevant stress 
theories will be invoked in the discussion while providing a literature review of the subject.
Shear, Tensile, and Peel loadings will be covered since they are the basic and the most 
common in structural adhesive applications (see figure 2.2).
2 .2.2 Shear Loads
The single-lap joint, in which two sheets are joined together with an overlay, is the 
simplest and most common joint used today for several reasons:
1) It is easy to fabricate,
2) many designs used in industry rely on this overlap geometry as their foundation,
3) it is a common test piece used to determine the performance of adhesives.
When a lap joint is loaded in tension, the adherends take the full load at the beginning 
of the bond A, fig.2.3(b), and there is a gradual decrease to zero load at the free end of 
the bond B. For nonelastic adherends, loading will not produce deformation or stretching 
of the adherends; therefore, the adhesive will be in a state of pure uniform shear 
throughout the layer fig.2.3(b). If the width of the joint is b, the length L, and the load 
P, then the shear stress x is given by:
^ (2 .1)
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Fig.2.3(c) shows the same joint but the adherends are now elastic. For the upper adherend, 
the tensile stress is a maximum at A and falls to zero at B. Thus, the tensile strain at A 
is larger than that at B and this strain must progressively reduce over the length L, the 
converse is true for the lower adherend. Thus, assuming continuity of the 
adhesive/adherend interface, the uniformly sheared parallelograms of adhesive shown in 
fig.2.3(b) become distorted to the shape given in fig.2.3(c). This phenomenon is called 
differential shear and is the problem Volkersen [3] analysed in 1938.
Volkersen’s Analysis:
In Volkersen’s shear lag analysis it is assumed that the adhesive deforms only in shear, 
while the adherend deforms only in tension, as illustrated in fig.2.4. By calculating Ôx, 
the relative displacement of the upper and lower adherends, and differentiating twice we 
get the shear stress.
For any load applied to the single-lap shear joint, dividing by the bond area produces an 
average shear stress. In practice these loads produce stress concentrations at the ends of 
the bond area. The ratio of these large local stresses to the average bond stress is termed 
the stress concentration factor.
Based upon the above discussion Volkersen [3] derived an equation for the stress 
concentration factor, Tj as:
 “^max _ S 2€^“-l + COSh2€8 >4^ - — - 7  (— iSS2is—  ^ *'2.2)
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where
S^= I f f l^2  ^2 3^
and
2 _ 2 i^i+22+^2
2Ei t i
G3 = adhesive shear modulus 
2c = overlap length 
fs = adhesive layer thickness 
E x ,  £ 2 ^  adherends elastic moduli 
tx . t 2  = adherends thicknesses
If both adherends are identical, then eq.2.2 simplifies to the following:
y) = ScothS ( 2 .3 )
Referring to the definition of Ô, it can be seen that the stress concentration factor can be 
reduced by decreasing either the overlap length or the adhesive shear modulus and also by 
increasing the thickness and stiffness of the adherends or increasing the thickness of the 
adhesive layer.
The theory developed by Volkersen is incomplete as it takes no account of two important 
factors; these are:
(a) because the direction of the two forces P in fig.2,4(a) are not collinear, there will 
therefore be a bending moment applied to the joint in addition to the in-plane tension.
(b) the adherends bend thus allowing the joint to rotate as shown in fig.2.5.
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The rotation alters the direction of the load line in the region of the overlap thus giving 
rise to a geometrically non-linear problem, since the joint displacements are no longer 
proportional to the applied load.
Goland and Reissner
In 1944 Goland and Reissner were the first to account for the bending of the adherends 
in the stress analysis of the single-lap joint [4]. Their analysis makes use of several 
assumptions, these are:
1) the joint is in plane strain state,
2) the adherends and adhesives behave as purely elastic materials,
3) the finite-deflection theory for cylindrically bent plates can be applied to calculate the 
deflection of the adherends.
To perform the detailed mathematical analysis of the single-lap shear joint, Goland and 
Reissner formulated the problem in two parts. Firstly they determined the joint edge loads 
created by the tensile loading of the adherends. These edge loads are the tensile load, P; 
the shear load, V; and the bending moment, M. See fig.2.6. Secondly, they used these 
edge loads to determine the stresses acting in the bonded joint.
To determine the edge loads, it was necessary to calculate the deflection of the adherends 
and joint area due to the tensile load.
Goland and Reissner assumed that the adherends and the joint undergo cylindrical bending. 
This implies that deflection is not dependent on normal or shear forces but only the 
bending moment, such that
f = - &  (2 .4)
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where D is the flexural rigidity, w is the deflection, and x is the position along 
the joint see fig.2.7.
From geometric considerations both Ml and M2 were defined as:
Ml = P(a„oci—wj) (2.5)
M 2= W2—f /^2] (2 .6)
Differential equations can be set up using eq. (2.4) -(2.6). The solutions to these 
differential equations yield expressions for w, and Wg. Applying the appropriate boundary 
conditions leads to the expressions for the joint end loads
^  (2 .7)
V = (2.8)
where
o p %Wi =
«2 —
K  =
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coshw 2 c sinhw \L
sinhw xL cosbw 2  ^+2V2cosbw sinhw2^
E = Young's m odulus of the adherend
To determine the stresses within the joint, Goland and Reissner considered two limiting 
cases. Their first approach considered the adhesive to be a very thin layer with an elastic 
modulus equal to that of the adherends. In this case the adhesive is negligible and the 
joint is considered a homogeneous block of material where the shear load V is ignored. 
Their second case is typical of bonded metal-to-metal joints, where the flexibility of the 
adhesive influences the stresses in the joint. Goland and Reissner determined the following 
relationship for the stresses in a joint of this type
= (2.9)
c
where
+ (i?iX^-^--X.firsinh\sin\)sinhX—s in \—] (2 .1 0 )2 c c
/3 = 2Æ[(G„ i) /(£
^ ^ = f
jRi = coshXsinX+sinhXcosX 
JR2 = sinhXcosX—coshXsinX
A = y(sinh2X+sin2X)
K  = ^ [ 3 ( l - v " )
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Ea = Young's m odulus of the adhesive 
Ga = shear m odulus of the adhesive
If the average shear stress, x, is equal to P/2c then a shear stress concentration factor can 
be defined as the following:
T) = (2.11)r  A t  t A
K is defined as the bending moment factor, its value is unity for undeformed systems; 
however, as the adherends bend, K decreases toward zero. If we assume K = 1 eq. 2.11 
becomes the following
rj = /3 jcoth^ j  (2.12)
Comparing eq. (2.12) to eq. (2.3) from the Volkersen theory, it can be shown that fic/t  = 
2Ô; therefore, the stress concentration predicted by Goland and Reissner, which accounts 
for the eccentricity of the load, is twice that predicted by Volkersen. Results of Volkersen 
and Goland and Reissner show the shear stress is non-zero at the ends of the joint. This 
violates the stress-free boundary condition and is a consequence of ignoring the variation 
of peel stress through the thickness of the adhesive. Benson [5].
Many researchers have subsequently performed analyses of lap shear joints [6-9]. Plantema 
[7] combined the results of Volkersen [3] and Goland and Reissner [4]. Cornell [9] 
analysed the lap shear joint and characterized the adherends as simple beams while 
considering the adhesive to behave as a system of shear and tension springs, see fig.2.8.
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The distribution of stress in the adhesive lap joint between thin cylindrical tubes of circular 
cross-section, ie a tubular joint, has been considered by Lubkin and Reissner [10] for the 
case in which the tubes are loaded in tension. In calculating the distribution of stress in 
the adhesive as a function of the geometry, of the elastic constants G, of the adhesive, 
and of the elastic constants Ei, Vi, E%, of the adherends, it was assumed that the 
adhesive layer is very thin in comparison with the thickness of the adherend so that the 
stress in the adhesive may be taken to be uniform across its thickness. In addition, the 
adhesive was assumed to be more flexible than the adherends; therefore it was able to 
resist:
(a) relative radial motion of the tubes by developing peel stresses which act normal to the 
bond surface,
(b) relative axial motion of the bond interfaces by developing shear stresses.
No other components of stress in the adhesive were considered.
The distortion of the adherend tubes was treated by means of the ordinary linear theory 
of bending and stretching of thin, isotropic shells. These assumptions led to the solution 
of three simultaneous differential equations to obtain the normal and shear stress 
distribution. However, even for a less complicated mathematical model, such as one
representing identical adherends, a closed form solution is difficult. Consequently [10], an»
explicit solution for the stress distribution is not given; instead, it is presented for 48 joints 
having identical adherends. The authors showed that a tubular lap joint with identical 
adherends can be uniquely defined by five independent material and geometric 
dimensionless parameters.
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All of the analyses discussed or mentioned have assumed linear elasticity of the joint. 
However, adhesives typically show either plastic or elasto-plastic behaviour, depending on 
the nature of the joint materials. Several investigators have included the non-linear 
behaviour of the adhesive joints.
Grant [11] extended the Volkersen theory to include the non-linearity of the adhesive. Hart 
Smith [11-13] used analytical methods to analyse lap shear joints. His work is based on 
the Goland and Reissner theory. However, he included the bending moment at the end of 
the adherend. Hart Smith also introduced adhesive plasticity into the analysis and its effect 
on stress concentrations when compared to linear elastic analysis. Other joint geometries 
are used in designing various structures. Many have considered the analysis of double­
lap joints [14-15] and modified-lap joints [16,17,12,13,18] Volkersen [15] considered the 
double-lap joint and found that bending of the adherends still occurs but to a lesser extent 
and that the resulting normal stress in the joint is reduced. Hart-Smith [19] found that the 
strength of double-lap joints is governed by the strain energy of the adhesive in shear.
Modified-lap joints such as the scarf, stepped-lap, or strap have the ability to lessen the 
stress concentrations in the joint. Typically, this occurs because of reductions in 
differential strains and in eccentricity of loading.
Other modifications of the lap joint include Tapering of the outside or inside of the 
adherend at the joint [20-22]. This may produce a slight increase in strength with a 
reduction in the shear stress concentration in the joint fig.2.9.
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Finite Element Methods
As shown in the previous discussion of lap joints, the stress states can be complex and do 
not always lend themselves to analytical solutions. Numerical solutions or finite element 
methods can alleviate some of the limitations of analytical solutions.
Many researchers have employed finite elements to analyse structural adhesive joints. 
Wooley and Carver [23] used finite element analysis for the single-lap joint, and reported 
agreement with some aspects of Goland and Reissner [4], even though they did not account 
for joint rotation (a non linear effect). Also because they did not refine their mesh, they 
had to extrapolate to obtain stresses at the ends of the joint.
Adams and Peppiatt [24] analysed single and double lap joints. They considered the effect 
of the adhesive spew fillet, fig. 2.10, formed during the bonding process, the presence of 
which is shown to cause significant reductions in the maximum shear and direct stresses 
in the adhesive. However, the rotation of the single lap joint was not treated by Adams 
and Peppiatt as a geometric nonlinear effect, but they refined the mesh at the joint ends 
to include the fillet.
Adams and Peppiatt [25] also analysed metal tubular lap and scarf joints under tension and 
torsion. Where appropriate they compared their results with Lubkin and Reissner [10] and 
as above [24] they also considered the influence of the spew fillet.
Cooper and Sawyer [26] accounted for the nonlinear effect of joint rotation in their analysis 
for a metal single lap joint, but assumed linear elastic materials. They used elements with 
an assumed, linear, stress field (rather than strain field), thus giving the possibility of
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exactly satisfying equilibrium on a stress-free boundary. Their results showed fair 
agreement with Goland and Reissner [4].
A number of authors accounted for the nonlinear elastic behaviour of the adhesive. Liu 
[27] using quadratic (linear strain) elements, analysed metal single lap joints. The adhesive 
was represented as a linear hardening material. Wright [28,29] used triangular linear strain 
elements to model double butt and scarf joints.
Adams, Coppendale and Peppiatt [30] obtained reasonable predictions of the strength of 
double lap joints by including the non-linearity of the adhesive material. Again the spew 
fillet was included. The same researchers also developed their work [30] to include double 
lap, bevel and scarf joints of CFRP and the adhesive was considered to be elastic/perfectly 
plastic [31].
Later work by Adams and Harris [32] in which large displacement deformations were 
modelled, gave reasonable predictions of the strength of single lap joints when a range of 
epoxy adhesives were used and the aluminum alloy adherends could yield extensively.
Much of the research into bonding problems has been undertaken on single lap joints. 
However, Nagaraja and Alwar [34] have considered tubular joints in which the adhesive 
had a nonlinear stress/strain behaviour; the (FET) was used to analyse this problem.
Pickett and Hollaway [35] used the finite element method to analyse a crimp bonded 
tubular joint as an axisymmetric body. They assumed a linear material stress/strain and 
geometric load/deflection behaviour (ie adherend and adhesive yielding did not occur).
23
and the joint deflections were assumed to be small. They showed that there was good 
agreement between the elastic analysis given by the (FET) and that given by the classical 
solution of Lubkin and Reissner [10].
2.2.3 Tensile Load
The axially-loaded butt joint, flg.2.11, is the simplest geometry for stress distributions 
arising from the application of tensile loads. Several investigators have addressed the stress 
analysis of this geometry using both analytical and finite element methods [36-38].
Adam, Coppendale and Peppiatt [36] used the finite element method to analyse the stress 
distributions in adhesive butt joints loaded in tension, compression and torsion; a typical 
tensile stress distribution is shown in fig.2.12. The bonded area comprises two different 
regions. In the central region, the direct stresses are uniform and the interfacial shear
stress is zero. The radial and circumferential stresses were found to be essentially the
same as those predicted by the analysis of Kuenzi and Stevens [37] ie
o-r = cr@ = cr^ (Y ^) (2.13)
where, v is the poisson’s ratio of the adhesive.
Around the periphery of the joint, there is a region in which the direct stresses are 
dependent on the radius and in which an interfacial shear stress in present. It is this shear 
stress which tends to restrain radial displacement of the adhesive and which induces the 
radial and circumferential stresses in the central region of the joint. In the peripheral
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region, there is also a variation of stress across the adhesive thickness. On the mid-plane 
of the adhesive, the direct stresses decrease to low values at the free surface and the shear 
stress is always zero. On the adhesive-adherend interface, there is a stress concentration 
at the comer of the adherend.
2.2.4 Peel Loads
Adhesive joints are weak when subjected to Peel loads. For this reason, the Peel test was 
developed, fig. 2.13. The Peel test is a comparative test for adhesives and is dependent 
on many parameters. These parameters, such as Peel speed, Peel angle, bond thickness, 
and temperature, must be held constant to obtain valid results. The stress analysis of 
Peeling is highly complicated because of these variable dependencies.
Most analyses have involved the Peeling of a flexible member from a rigid adherend. One 
of the first analyses was done by Bikerman [39]. He assumed that both the flexible and 
rigid substrates behave as perfectly elastic materials. He derived an equation for the load 
necessary to sustain Peeling:
Fp = 0.3799 W (T„(^) (2.14)
where
Fp = the force applied
w  = the w idth of the joint
(j a = the adhesive's tensile strength
Es = the modulus of the flexible adherend
Ea ~  the m odulus of the adhesive
ts = the adherend thickness
ta -  the adhesive thickness
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Kaelble [40] also did work on the analysis of Peeling. He postulated that the stress state 
during Peeling is a combination of tensile stresses, which act at the debond interface, and 
compressive stresses, which act in the bonded area of the adhesive. The action of the 
tensile and compressive stresses produces an applied moment which facilitates the peeling 
of the flexible member. Bikerman [39], Kaelbe [40] also gave an expression for the Peel 
force necessary to maintain Peeling.
fp = (2.15)2E„ (1—cosof)
where
/3 m +sina
a. -  the peel angle
m = the moment arm  of the peel force 
I -  the moment of inertia of the flexible adherend
As shown in Eq. (2.15), Kaelb’s analysis takes into account the Peel angle. In Bikerman's 
analysis [39] the case in which the flexible adherend was peeled at an angle of 90° to the 
rigid adherend was considered.
Adam and Crocombe [41] have applied finite element analysis to the Peel test. They 
found that the principal tensile stress in the adhesive is responsible for propagating a crack 
through the bond, thereby causing failure.
Another approach taken has been to employ fracture mechanics techniques (FMT) to 
analyse Peel tests. Lindley [42] balanced the energy input to the system with the energy
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required to strain the flexible adherend, the energy required to maintain force equilibrium, 
and the energy required to create new surfaces during Peeling. The energy balance yields 
the critical strain energy release rate, Gc , as follows:
Gc =  - ^ ( 1 —cosa) (2 .1 6 )
2.3 MECHANICAL TESTING OF ADHESIVES
Mechanical testing is the determination of the behaviour of a material caused by some 
applied loading. Mechanical properties of adhesives include the elastic modulus such as 
E (Young’s) and G (Shear). In addition, data such as the Yield Stress (Strain) and the 
Ultimate Stress (Strain) are needed if the analysis is to allow for adhesive non-linearity.
More sophisticated analyses, such as the current work, need the ratio of the compressive 
yield stress to the tensile yield stress ie
The mechanical properties of adhesives, which are to be used in stress prediction 
techniques, can be evaluated by:
I) Tests on carefully prepared joints
II) Tests on bulk specimens
in) Tests on unsupported thin film
Controversy still exists as to whether adhesive properties in the thin form are the same as 
when bulk specimens are prepared. For instance, Volkersen [15] quoted experimental work 
by Muller [43] which showed that the modulus of elasticity of an adhesive decreases as 
the glue-line thickness increases, whereas the shear modulus is independent of this glue- 
line thickness. Franzblau and Rutherford [44] obtained a higher value of modulus of
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elasticity in the thin form compared with that in the bulk form. However, one reason for 
this controversy appears to be the discrepancy of the type of stresses imposed upon the 
adhesive in these two types of tests. Another reason could be due to the differences in 
the configuration of the molecules in the adhesive when it is used as a bulk specimen or 
in bonded joints. In the latter case the molecules in the adhesive near an adhesive- 
adherend interface may be oriented towards the interface. This orientation may influence 
the properties of the resin.
Another observation which can be made in all the adhesives’ tests is the type of failure 
which occurs. Failure can occur by three different modes; these are:
(a) Cohesive failure which occurs when the specimen fails within the adhesive layer.
(b) Adhesive failure which occurs when the specimen fails at the interface between the 
adhesive and adherend.
(c) Adherend failure which occurs when the adherend is weaker than the above two cases.
It is recommended that for every sample, the percentage of cohesive and adhesive failure 
be recorded. Any samples which fail in the adherend should be discarded since such cases 
do not constitute a test of the adhesive material.
Numerous mechanical test methods for adhesives have been developed under the auspices 
of Committee D-14 of the American Society for Testing Materials (ASTM) [1]. The 
process of developing test methods is a continuing one and the latest publications of the 
ASTM provide up-to-date amendments and improvements.
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The three types of tests to be discussed are shear, tensile and peel. These tests are the 
most common and results in information which is useful for joint design. Response to 
dynamic testing, such as fatigue, creep and impact, are outside the scope of this thesis.
2.34 Shear Tests
Typically, bonded structures are designed so that the structural adhesive will be under shear 
loads most of the time. Adhesives are stronger under shear loading that they are under 
a tensile or a Peel one. Shear testing is very common because suitable samples are readily 
fabricated and tested, 
a) Lap Shear Test
Lap Shear tests involve two adherends which are overlapped by a certain length. The 
structural adhesive forms a layer between the two overlapping parts. Most lap shear tests 
are tested in tension until failure occurs; the critical shear strength equals the load at failure 
divided by the area of overlap.
The most commonly used test is the single lap joint illustrated in fig.2.14(a). Dimensions 
are as specified by ASTM D1002-72. The recommended overlap L is equal to 12.5 mm 
(0.5 inch). However, if a metal substrate having a thickness other than 0.064 inch is to 
be tested, then the maximum length of overlap must be determined by:
L  = (2.17)
where
L = overlap length
O'y = yield strength of m etal
b = thickness of m etal
r  = 150 of the average adhesive joint shear strength
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This calculation is necessary so that the yield strength of the metal is not attained before 
failure of the adhesive bond.
Testing of the samples may be performed in a suitable tensile testing apparatus. 25 mm 
(1 inch) at each end of the sample should be placed in the grips of the machine. Loads 
are applied at 8-10 N/mm^ (1200 - 1400 lb per square inch) at the overlap area per minute 
until failure. A corresponding crosshead speed of 1.25 mm/min (0.05 inch/min) may also 
be used to load the sample. Some laboratories bond tabs at the ends to improve alignment, 
fig.2.14(b). Even so, the joint underload will bend as shown in fig.2.14(c) giving rise to 
large transverse Peel stresses in the adhesive layer. As pointed out previously in this 
chapter, the adhesive shear stress is non-uniform, owing to differential straining in the 
adherend, this is illustrated schematically in fig.2.14(d), together with the associated 
adhesive transverse stresses in fig.2.14(e). Although it is still recommended in ASTM 
D1002-72 that the results are given as the mean shear stress at failure, it has long been 
recognised that the actual stresses acting in the joint at failure may not correspond to this 
uniform shear condition. However, in service, adhesive structures rarely encounter pure 
shear conditions. Therefore, this standard shear test provides adequate duplication of 
conditions which may exist in an actual structural adhesive application.
a) Torsional Shear Test
As mentioned above, lap shear tests will usually produce non-uniform stress distributions 
in the bonded joint. This deviation from pure shear condition might result in misleading 
adhesive strengths. ASTM E229-70 describes the Napkin ring test shown in fig 2.15,
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This test has been developed to determine the shear strength and modulus of a bonded 
system in which peel stresses, bending stresses and other non-uniformities are eliminated.
By applying equal and opposite torques T, the adhesive is stressed purely in shear and the 
maximum stress, X, will be: ^ ^  I I  (2.18)
where
r  = the radius to the m id-point of the adherend
J = the  polar m om ent of inertia 
The shear modulus G is given by:
G = A Z  (2.19)
where b = the glue-line thickness 
T-ÿ- = the measured gradient of the torque-tw ist curve
In ASTM E229-70 it is advised that the adhesive spew fillets (inner and outer) should be 
removed prior to testing, fig 2.15. The spew fillet permits load transfer to take place, thus 
calculations for x and G are less exact. A modification of the napkin ring shear test can 
be used in which the adherends are solid circular bars, fig 2.16. This avoids the 
disadvantage that when an adhesive of low viscosity is used it is difficult to fill the napkin 
ring joint properly. The overall rotation, 0^ ,^ between X and Y can be measured by a 
rotary capacitance transducer or by linear gauges positioned at some known radius, 
provided the rotation is small.
Then: (2.20)
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Such a test will give the relationship between rotation and torque. In order to determine 
the true shear stress versus shear strain curve, it is necessary to use Nadia’s [45] correction, 
fig. 2.17.
2.3.2 Tensile Tests
In practice, it is desirable to avoid the application of tensile loads to an adhesive system. 
Tensile strengths of most substrates (adherends) are typically much higher than those of 
the adhesive. Failure of the bonded structure will therefore occur predominantly within the 
adhesive during use. Although tensile loads are avoided in adhesive design, they 
nevertheless do occur due to bending of the adherends and to eccentric loading paths 
applied to the joint. It is therefore necessary to evaluate the tensile properties of structural 
adhesives.
An adhesive is considered in tension when the loads or forces are applied perpendicular 
to the adhesive layer, as illustrated in fig 2.18. The value of the tensile strength, a ,^ is 
determined by the maximum tensile load, Fc, at fracture and by the cross-sectional area, 
A, of the bond:
°-c = ^  (2.21)
This is a simplistic definition based on average stresses in the bond. The stresses in the 
adhesive are non-uniform and some are higher than the average values used to calculate 
the tensile strength. These stresses were discussed and shown before in this chapter (see 
fig 2.12).
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Adams and Coppendale [48] have shown that this complex stress distribution in axially 
loaded butt joints makes it difficult to predict the true tensile stress-strain behaviour of an 
adhesive. They showed tensile stress-strain curves obtained experimentally from butt joint 
specimens of AY103 and MY750 (plasticised and unplasticised epoxy) and those obtained 
from bulk specimens of the same adhesives, fig 2.19 and 2.20 respectively.
They concluded that if the bulk specimens of a particular adhesive fail in a brittle manner, 
then the butt joints of the same material are likely to fail at an even lower stress because 
of the stress concentrations. This was observed with the MY750 butt joints. However, 
if the adhesive yields in a ductile manner in uniaxial tension (as was observed with AY 103 
bulk specimens), the triaxial stress state induced in the same adhesive by the restraint of 
the adherends in the butt joint could suppress the gross yielding. This causes a butt joint 
to yield at a stress which is apparently greater than the uniaxial yield stress of the 
adhesive, (ie butt joints may be stronger than the bulk specimens). Other observations by 
Adams and Coppendale [46] are illustrated in fig 2.21. The considerable difference 
between the tensile and compressive behaviour of the butt joints suggests that the adhesive 
is obeying a pressure-dependent yield criterion.
In spite of these discrepancies, a butt joint is a very popular tensile test. This test is 
described in ASTM D897-78.
2.3.3 Peel Tests
As described previously in this chapter, the stress distribution in peel joints is complex and 
depends on the joint geometry and properties of the adherends.
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Probably the most commonly used test is the T-peel (effectively a 90° Peel test) as 
specified by ASTM D1876-72 fig 2.22(a). The adherends may be metal, fabric or plastics. 
An older but still commonly used test ASTM D903-49 requires an adherend that can be 
bent through 180°, fig 2.22(b). The climbing drum test, fig 2.22(c), is recommended for 
determining the peel resistance of adhesive bonds between a relatively flexible adherend 
and a rigid substrate. The floating roller test shown in fig 2.22(d) is specified by ASTU 
D3167-76 for bonds between rigid and flexible adherends.
Finally, the Boeing wedge test, which is given the designation ASTM D3762-79, will be 
discussed. This test, shown in fig 2.23, is activated by forcing the wedge into the bond- 
line of a flat-bonded specimen of aluminum or other adherends, thus creating cleavage 
(peel) stresses in the adhesive.
2.4 FAILURE OF ADHESIVE JOINTS
Failure of an adhesive joint occurs when the local stress in the bond exceeds the local 
strength of the material (ie the adhesive or the adherend). Theoretically, it should be 
possible to predict these failures if the strengths of the adhesive and adherend and the 
stresses they will endure are known.
2.4.1 Locus of Failure
The locus of failure is the path followed by the fracture surface during the breaking of the 
joint. In an adhesive joint the failure plane may be situated either in the materials forming 
the joint Cohesive failure, fig 2.24(a,b), or along the interface adhesive failure fig 2.24
(c), or wander between these possible paths, fig. 2.24(d).
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The problem is very difficult to answer by direct experimentation since residual adhesive 
films after joint failure may be monolayers or, at most, a few molecular layers thick. 
Bikerman [47] and Sharp and Schonhom [48] have stated that interfacial separation is 
impossible so that only the degree of cohesive failure needs to be considered in failed 
joints.
They draw this conclusion on the basis that the attractive forces involved at the interface 
are invariably greater than the cohesive strength of the adhesive and even sometimes the 
cohesive strength of the adherend.
Sharp [49] has considered the role of weak boundary layers (WBL) in determining the 
breaking stress of adhesive joints. Weak boundary layers have been a convenient concept 
for explaining adhesive failure since Bikerman [50] first suggested their existence as a 
consequence of his assumption that two solids in contact, such as adhesive and adherend, 
could not fail exactly at the interface. Hence, if failure occurred at or near the interface 
at relatively low applied stress, a weak boundary layer was probably responsible. However, 
low joint strengths should not be characterised as weak boundary layer failures unless 
satisfactory evidence exists that weak boundary layers are really present.
One requirement for the establishment of strong adhesive joints is that intimate molecular 
contact occurs at the interface. This means that the adhesive must be able to spread over 
the surface at the adherend, displacing air and contaminants which would act as weak 
boundary layers between adherend and adhesive.
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Cohesive failure could occur either inside the adhesive layer or within the adherend. The 
latter is referred to as adherend failure.
Adherend failure is more likely in composite joints than in metal to metal joints. There 
are three possible modes of failure in the composite:
I) Tensile failure in the fibre direction - matrix cracking.
II) Tensile failure perpendicular to the fibre direction - delamination, 
in) Interlaminar shear failure - interfacia! debonding.
Cohesive failure in the adhesive appears as a propagating crack in the adhesive layer. This 
crack is caused either by the shear stresses or by the tensile stresses - hence, there is a 
shear failure or a tensile failure mode accordingly. All these failure mechanisms are 
summarised in fig 2.25.
2.4.2 Prediction of Failure
The fundamental problem of joints is to find how much force might be applied before 
failure occurs and the joint separates into its component parts. In addressing this problem 
it is convenient to pose two basic questions;
I) what is the mechanism of failure of joints?
II) is there a quantitative theory of such failure?
The first question was discussed in 2.4.1 and different failure mechanisms are shown in 
fig 2.25. Many researchers have attempted to predict actual failure loads and these will 
be reviewed; in so doing an attempt will be made to answer the second question.
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It is important to realise that failure of structural components has been characteristically 
approached in two ways by the analyst [53]. Before recognition of the importance of 
inherent flaws in the material, the analyst relied upon one of several average stress or 
strain criteria eg maximum tensile stress, maximum principal strain, maximum octahedral 
stress, or others, depending usually on experimental evidence and experience. While the 
existence of microscopic "holes" in materials was recognised, it was generally assumed that 
their presence was of no design consequence, and, as long as material production control 
techniques were sufficiently reliable to produce microvoids of a small mean size, the use 
of an average stress or strain criterion was justified.
Hart Smith has undertaken extensive work on different types of lap joints. His prediction 
of failure load is based on limiting the value of the maximum shear strain for adhesive. 
Therefore, in his work the basis of the analysis of the shear strength of adhesive bonded 
joints is the non-linear stress-strain curve of the adhesive layer in shear. Fig 2.26 
illustrates both ductile adhesives and brittle adhesives. It is shown in ref 51 that the shear 
strength of adhesively bonded structural joints can be expressed uniquely by the strain 
energy (area underneath the stress-strain curve) to failure per unit bond area of the adhesive 
layer rather than by any of the individual properties such as peak shear stress.
Therefore, even for the brittle adhesive, in fig 2.26, the majority of the load transfer is 
accomplished by the non-linear behaviour. In the case of ductile adhesive, the contribution 
of the linearly elastic behaviour may be as little as 10% [51]. Consequently any perfectly 
elastic analysis would require a very large correction factor in order to correlate with test 
results. Various linear and non-linear adhesive models are shown in fig 2.27 the elastic- 
plastic model passes through the same failure stress and strain and has the same strain
37
energy to failure as the actual stress-strain curve. This permits an accurate prediction of 
the ultimate strength of bonded joints.
Hart Smith [55] showed that any two straight line representations having the same failure 
stress and strain as well as the same strain energy to failure would predict precisely the 
same joint strength for a uniform-lap joint.
Work by Adams and Peppiat [30] on double lap joints with spew fillets at both ends, 
shows that the highest stresses were found to be near the adherend comer at an angle of 
approximately 45° to the surface of the adherend. It was observed that the direction of 
cracks in failed lap joints was perpendicular to the predicted maximum tensile stresses 
(computed by FET). This led to the conclusion that failure of a lap joint is initiated by 
tensile failure of the adhesive within the spew fillet, see fig 2.28.
The theoretical prediction of the joint strength in Adams’ analysis was based on the results 
of FET in which he located the maximum stresses and strains in both linear and non-linear 
analysis. In the linear one, failure was assumed to occur when the maximum tensile stress 
in the adhesive was equal to the ultimate tensile strength of the adhesive material ie 
maximum stress criterion, for the non-linear analysis a maximum principal strain criterion 
of failure was used. Crocombe [33] showed that a failure criterion based on a complete 
yielding of the lap joint gives good predictions of joint strength, and the use of a strain 
based failure criterion for some joints has been shown to be extremely limited.
Adhesives frequently fail by progressive crack growth and thus an appropriate failure 
criterion must be based upon the initiation and propagation of flaws inherent in the joint.
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Consequently, the use of fracture mechanics, where theory enables a mathematical study 
of the manner in which such flaws propagate under stress has recently received 
considerable attention.
Fracture mechanics is essentially the study of the strength of a structure containing a flaw. 
The subject can be divided into two, inter-relatable parts. The first is known as the energy 
approach arising from the work of Griffiths [56] which simply proposes that fracture occurs 
when sufficient energy is released from the stress field by growth of the crack to supply 
the requirements of the fracture surfaces. The second, due to Irwin [57] proposes that the 
stress field around a crack can be defined by a parameter called the stress-intensity factor, 
denoted by the term K and states that fracture occurs when the value of K exceeds a 
critical value. Both approaches have been employed in the study of adhesive joint fracture.
A crack in a solid may be stressed in three different modes; these are shown in fig 2.29 
and are denoted by Modes I, II and III. The cleavage or tensile opening mode. Mode I, 
is technically the most important since it is the most commonly encountered one and 
usually the one which most readily results in failure.
In applying fracture mechanics principles to bi-material systems, some workers have 
followed the traditional approach by considering cohesive fracture of the adhesive. Gledhill 
and Kinloch [58] have applied linear elastic fracture mechanics to bulk samples of 
adhesives and adhesive joints. Other workers like Burton [59] and Anderson [60] have 
analysed interfacial fracture of bi-material systems using an interfacial fracture energy, (the 
Yi term) in place of the usual cohesive fracture energy, Yc, term.
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The finite element technique (FET) has been used successfully many times in fracture 
mechanics analyses of uncracked bi-material systems. Trantina [61] and Wang [62] have 
extended the technique to investigate cohesive fracture of an adhesive layer in a bi-material 
system, while Anderson [62] and Lin [63] considered interfacial fracture of a bi-material 
system. Adam and Crocombe [41] have modelled the cracked peel test as interfacial 
fracture in a bi-material system and the (FET) was used to obtain the stress distribution 
around the crack tip; the non-linear yield behaviour of both the adherend and the adhesive, 
as well as the non-linear effects caused by the large displacements, were taken into 
account.
The problem of predicting the joint failure strength in fracture mechanics is critical. 
Vincent [64] suggested a failure criterion, based on an earlier idea by McClintock and 
Irwin [65] of failure when the strain at a certain distance from the crack tip reached a 
critical level. This idea is particularly appealing to the finite element analyst who can 
obtain values of strain at discrete points (of numerical integration) in the material 
surrounding the crack tip. Based on this, Adam and Crocombe [41] assumed failure (in 
the peel test), when the value of the adhesive effective plastic strain (EPS) at the Gauss 
Point closest to the crack tip reaches a critical level.
2.5 OBSERVATIONS
To conduct a stress analysis on adhesive joints, programs for micro, mini and mainframe 
computers are commercially available. These computer programs are based on two 
mathematical methods. The first is an analytical approach which defines differential 
equations which characterise the stresses and strains in the joint and, by using stress 
functions or other mathematical techniques, closed-form analytical solutions may be
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obtained. The second method which has been widely used is that of finite-element analysis 
which is a numerical method. With finite element analysis the joint is divided into discrete 
parts, each of which has to satisfy displacement compatibility and be in equilibrium with 
adjacent elements. By applying suitable boundary conditions any form of joint may be 
analysed but the use of digital computers is essential. Both linear and non-linear elastic 
and elastic-plastic finite element analysis have been performed. The two different 
mathematical methods have the respective advantages and disadvantages. For example, the 
closed-form analytical analysis does not require the computing power that the finite element 
method requires. However, for complex geometries a closed-form analytical solution may 
not always be found, but a finite element numerical method will always yield a result, and 
will also take into account geometric effect such as tapered adherend and spew fillets.
Most of the common standard tests do not enable the adhesive properties to be deduced 
due to the complex state of stress induced in the adhesive layer by the specimen geometry. 
With all the considerable advances in our ability to measure the basic engineering 
properties of the adhesive and to couple this data with increasingly realistic analysis on the 
nature and magnitude of the stresses in joints, there are still many areas where further work 
is required. There is a need to confirm that the basic engineering properties that are 
currently being measured by different methods are yielding similar values and that when 
tests on the bulk adhesive are undertaken that they give representative properties of the 
adhesive as a thin layer in a joint.
A failure criterion necessary for predicting joint fracture has yet to be established firmly. 
However, theoretical analyses which allow the adhesive to behave as an elasto-plastic 
material do in fact model the failure loads reasonably well in many instances. The failure 
criterion commonly assumed is that joint fracture results when the maximum shear strain
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at the ends of the overlap attains the value of the shear strain at the fracture of the 
adhesive. This criterion takes no account of the out-of-plane transverse tensile stresses and 
it could therefore give reasonable results for joints in which the end geometry ensures that 
these tensile stresses are reduced or eliminated. Furthermore, the out-of-plane transverse 
stresses are sufficiently high in most joints that the locus of failure is by some form of 
cracking due to the presence of these stresses. Indeed, shear fracture in the adhesive layer 
is hardly ever observed. Hence, a failure criterion based on maximum principal strain 
could predict the behaviour of joints better than shear fracture theory. In addition, failure 
of adhesive joints depends partly on the geometry of these joints. A failure criterion based 
on the spread of yield in the adhesive layer could reflect this fact better than any other 
criteria. Finally, employing the science of fracture mechanics on adhesive joints has 
improved the ability to predict joint failure.
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CHAPTER 3
FINITE ELEMENTS 
IN
PLASTICITY
43
PART I
Governing Equilibrium Equations 
For
The Non-Linear Stress Analysis
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3.1 INTRODUCTION
The previous chapter discussed various aspects of the mechanical behaviour of adhesive 
joints and the mathematical methods used to conduct stress analysis. This chapter will 
describe the basic concepts of continuum mechanics, especially the principle of virtual work 
which is used to derive the required governing equilibrium equations. The finite element 
discretisation for these equations is also explained.
Finally, techniques for solving the non-linear discrete equilibrium equations are discussed 
briefly.
3.2 PRINCIPLE OF VIRTUAL WORK
The principle of virtual work states:
"for any body which is in equilibrium, the difference between the internal and external 
virtual work (with respect to small virtual displacements) vanishes."
For a three-dimensional solid this can be written as:
= 0 (3.1)
int
where 6w is the internal virtual work and can be expressed as:
= J^CBeTadv (3.2)
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and the external virtual work is given as:
8W « = X (S dA+J^iSuY bdv (3.3)
where 8u is the virtual displacement vector which can be written as:
Bu — [6w,8v,ôwF
ôe is the vector of associated virtual strains which can be listed in the form: 
Se = ] (3.4)
a  is the stress vector and can be given as:
Cr X y z xy yzzx"^ (3 .5)
t and b are the surface and the body forces respectively, t and b have the 
following components:
t = [t^ty.tzY
b = [b,,by,b,Y  (3.6)
A and v are the area and volume of the body. Substituting (3.2) and (3.3) into (3.1) we 
obtain the final form of the equilibrium equation as:
jJ^fÔeFcrdV—^  [ômF^ dA--J^[BuYb dV ^  0 (3 .7)
3.3 FINITE ELEMENT DISCRETISATION
For any computational model based on the finite element method the continuum is 
subdivided into distinct non-overlapping regions known as elements, over which the main
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variables are interpolated by means of the shape functions. The displacements and strains 
can be described in terms of their nodal values, d, as:
u -  Nd (3.8)
s ^  Bd (3.9)
w here
d  = the vector of nodal variables
N = th e  shape function  m atrix
B = the strain-displacem ent m atrix
The virtual displacement §„ and strains 8^  can similarly be expressed in terms of the 
virtual nodal displacement, 8d, as:
Bu = NBd  (3.10)
B e ^ E B d  (3.11)
By substituting (3.10) and (3.11) into the virtual work expression (3.7), eg 3.12 is obtained 
[8dYlJ^[BTo'dV-J^[NTt  d A - J ^ [ N Y  h dV] = 0 (3.12)
and since (3.12) must be true for an arbitrary set of virtual displacements 8d, then it is
possible to write the discrete form of the equilibrium equation as:
P - f  = 0 (3 .13)
w here
P  =  S^lBYcrdV
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and f  = J j .N f  t dA+j[^[Nf  b dV (3.14)
For a materially nonlinear relationship, G will be dependent on the displacement vector d, 
and for geometrically nonlinear relationship B will be dependent on d, therefore (3.13) can 
be written as:
P i d Y - f  = 0 (3.15)
3.4 NONLINEAR EQUATION SOLVING
Since P is a function of the nodal point displacements d either because of the non-linearity 
of a  or the non-linearity of B, the resulting nonlinear equations of equilibrium can be 
written as:
\p(.d ) = P(d ) — /  = 0 (3.16)
where \|/(d) is called the residual or out-of-balance force vector.
3.4.1 Incremental Solver
Because of the nonlinear nature of (3.16) an incremental solution procedure is usually 
adopted. The external load is applied as a sequence of (sufficiently) small load increments 
so that linear behaviour within an increment can be assumed. For an increment n (3.16) 
can be written as:
A P ^ ( d y - A f ^  = 0 (3.17)
under the assumption of linear behaviour within an increment the equation becomes:
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or
LP”-{dY  = (3.18)
AP^idT  = Kp~^,Ad^ (3.19)
where
= g l . - .
Kt is referred to as the tangential stiffness matrix. Substituting (3.19) into (3.17) gives the 
set of linear simultaneous equations:
K^-^Ad^ = A / ” (3.20)
therefore
4" = d^~‘^ +Ad^ (3.21)
3.4.2 Incremental/Iterative Solver
The procedure explained above is both inefficient and unreliable because the solution may 
drift from the true equilibrium path. An improved method combining an incremental and 
iterative process is usually used. If the exact solution is d" and after i iterations an 
approximation to this solution is d", an improved solution can be obtained using a 
truncated Taylor series expression :
where higher order terms are neglected.
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nBy putting i|f(d ) equal to zero the following equation is obtained: i+1
= 0 (3 .23)
Equation (3.23) can be solved for the iterative displacements 5 d , and the improved 
solution can be calculated as:
4+1 = d!‘+ \!‘Sdp (3 .24)
^nwhere X , is a scalar multiplier, i
The iterative procedure continues and for each iteration a new system of linearised 
equations (3.23) has to be solved.
The iterative method described above is the standard Newton Raphson method for solving 
systems of nonlinear equations, as shown in fig 3.1.
Fig 3.2 shows the comparison between the pure incremental and the incremental/iterative 
method.
The use of the Newton Raphson is relatively expensive in computed time because it 
requires the repeated formation and factorisation of the tangential stiffness matrix at each 
iteration. As an alternative to the standard Newton Raphson the initial stiffness method 
(Kjo) is also used in the present work. This method is one of the modified Newton 
Raphson methods in which the initial elastic stiffness matrix is used throughout the whole 
solution.
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3.5 NUMERICAL INTEGRATION RULE
In finite element analysis using isoparametric elements where the material behaviour is non­
linear it is standard practice to evaluate element matrices using numerical integration. It 
is very important to choose a suitable scheme with an order of integration that is both 
accurate and computationally economic.
In nonlinear problems, when incremental-iterative solution procedures are used, it is 
necessary to frequently evaluate the stiffness matrix and residual force vector. 
Consequently a higher integration order (than is used in linear analysis) is often employed 
simply in order for the analysis to accurately capture the onset and spread of the zone of 
material yielding.
Specifically, since the material non-linearities are only measured at the integration points 
of the elements, the use of relatively low integration order may mean that the spread of 
the materially nonlinear conditions through the element is not represented accurately [66]. 
Nevertheless a high integration order is sometimes avoided because locking behaviour may 
occur.
Consequently, it appears that the optimum integration for the 8-noded axisymmetric element 
is the 9-point rule.
3.6 CONVERGENCE CRITERION
If an incremental solution strategy based on iterative methods is to be effective, a realistic 
criterion should be used for the termination of the iteration. At the end of each iteration 
the solution obtained should be checked to see whether it has converged within present
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tolerances or whether the iteration is diverging. If the convergence tolerances are too 
loose, inaccurate results are obtained, and if the tolerances are too tight much 
computational effort is spent to obtain needless accuracy.
The first convergence criterion which can be used in the nonlinear structural analysis is the 
displacement convergence criterion, in which iterations are stopped when the norm of the 
iterative displacement vector is lower than a specified percentage of the norm of the 
displacement vector for the previous iteration of the same increment.
The second convergence criterion which is used in this work is more reliable. It is 
obtained by measuring the norm of the out-of-balance force vector against the norm of the 
total applied load vector and the vector of the calculated reactions.
Convergence is achieved when:
(3.25)1/ il
where \ ^ i \ -  the out-of-balance force vector
\ f i \ -  the to ta l external loads vector i.e the external applied 
loads plus the computed reactions
€ = the permissible tolerance
i = the  iteration of a given increment
The addition of the contribution of the reactions to the total external loads is essential to 
monitor convergence when there are zero applied loads eg the problem involving only 
prescribed displacements.
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3.7 SOLUTION TERMINATION CRITERION
The objective of nonlinear analysis is to trace the entire response and find the ultimate load 
that the structure can sustain. This is achieved by applying incremental loads, which must 
be guided by a termination criterion, to indicate when the failure load has been reached.
It is common to terminate the analysis when a specified maximum number of iterations has 
been performed without the convergence criterion being satisfied.
This criterion is not evidence of failure because this may happen if an unsuitable solution 
algorithm has been chosen; for example if the increments are very large, if the convergence 
tolerance is too tight, or if the maximum number of iterations is too small.
The collapse of a structure is usually indicated when at a point some local criterion is 
violated. This criterion will be the subject of interest later in this thesis. However, it is 
reasonable to assume that the collapse of a structure could be indicated by increasing 
iterative displacements accompanied by a growth of the residual forces and dissipated 
energy [67].
3.8 OBSERVATIONS
The finite element technique is now well-established as an engineering tool of wide 
applicability. One of the useful applications is the solution of nonlinear problems through 
incremental/iterative schemes. These schemes should be accompanied by an optimum 
numerical integration order, a powerful convergence criterion, and a sensible termination 
criterion. A good finite element solution for nonlinear problems depends on a good choice 
of all the above factors.
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PART II
The Ëlasto-Plastic Model 
of
Material Non-linearity
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3.9 INTRODUCTION
In the theory of elasticity there are two controlling factors:
(a) complete recovery of the unstrained configuration when the loads are removed,
(b) the dependence of the deformations of the loaded element only upon the final stresses 
and not upon the previous loading history or strain path.
In plasticity, these two factors are not realised.
Plasticity can be defined as "that property that enables a material to be deformed 
continuously and permanently without rupture during the application of stresses exceeding 
those necessary to cause yielding of the material."
Thus permanent distortion occurs under stress and this distortion can build up to large 
amounts if the yield value is exceeded. The final distortion depends therefore not just 
upon the final state of stress, but upon the series of stress states from the beginning.
This chapter is concerned with elasto-plasticity. A background to the fundamentals of 
elasto-plasticity is given first and this is followed by the development of the basic 
expressions of elasto-plasticity in a form suitable for numerical solution.
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3.10 FUNDAMENTALS OF ONE-DIMENSIONAL ELASTO-PLASTIC MODEL
3.10.1 Overall Behaviour
The basic ideas underlying the theory of plasticity can be presented by reference to fig 3.3, 
which shows the stress-strain diagram for a simple one-dimensional tension or compression 
experimental test on an elasto-plasdc material.
The stress at point A, which separates the curve into an elastic portion and a plastic 
portion, is called the yield stress ay . It is often taken as the proportional limit which lies 
at the upper end of the linear section of the stress-strain curve.
3.10.2 Elastic Behaviour
In the elastic range (section OA in fig 3.3 where the behaviour may be linear or nonlinear) 
an increase in stress produces an upward movement along the stress-strain curve. 
Subsequent unloading (or reduction in stress) produces a downward movement along the 
same curve. Thus, there is a unique one-to-one stress-strain relationship in the elastic 
range and consequently elastic deformations only depend on the magnitude of the stresses 
and not on the straining or loading history. Furthermore when loads are removed from an 
elastic body there is a complete recovery to the undeformmed configuration.
3.10.3 Plastic Behaviour
Beyond point A in fig 3.3 unloading from a point such as B produces a path BC which 
is approximately parallel to section OA in the linear elastic part of the stress-strain curve. 
When the stress is reduced to zero at point C, there is a permanent plastic strain Ep. 
Upon subsequent reloading, the path from C up to B is close to the line BC. The
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recoverable elastic strain is called . To provide a further deformation beyond point 
B an increase in loading is necessary. This behaviour is known as work or strain 
hardening.
3.10.4 Elasto-Plastic Model Behaviour
Fig 3.2 shows two simple elasto-plastic mechanical models and stress-strain curves. The 
displacement of the mass in the models corresponds to plastic deformation whereas the 
force F is associated with the stress.
(a) Elastic perfectly plastic model fig 3.4 (a) illustrates elastic perfectly plastic behaviour. 
Initially up to the yield stress oy the behaviour is elastic and all of the energy is associated 
with the spring E. At the load corresponding to the yield stress the friction between the 
mass and the rough supporting floor is overcome and infinite straining results.
(b) Elastic-linear Work Hardening Model fig 3.4(b) illustrates elastic-linear work hardening 
type behaviour. Again, up to the yield stress ay the behaviour of the model is linear 
elastic and all the energy is associated with the two springs Ei and E% . At the load 
corresponding to the yield stress the friction between mass and the rough supporting floor 
is overcome and the energy is solely associated with spring E^ .
3.11 MULTIAXIAL STATES GENERALISATION
3.11.1 Stress and Strain Tensors
Consider the state of stress in a three-dimensional body, as shown in fig 3.5. The state 
of stress may be conveniently represented by a stress tensor
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cr = ^xy ' x^zT vv 1> ^y ' yz O", (3.26)
Similarly, the related strain tensor may be expressed as
^xy ^xz
€ = ^yx €y ^yz
^zx ^zy
(3.27)
Note that both stress and strain tensors are symmetric so that ay = aj; and e» =
Eji.
For finite element analysis stresses and strains are usually listed in vectors for convenience 
so that
^  .(Tg ,Tjçy ,Tyg , T )
€ (Cjj ,€y ,"y »y yz /y z% ^ (3.28)
where the engineering shear strains 7y = 26^
3.11.2 Elastic Behaviour
For elastic behaviour the stress-strain relationship may be expressed as:
cr = £>€ (3.29)
where for an isotropic material
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D  -
a b b 0 0 0b a b 0 0 0b b a 0 0 00 0 0 c 0 00 0 0 0 c 00 0 0 0 0 c
in which
b = 2v)
c = J^/2(l+v)
E is Young’s modulus and v is Poisson’s ratio.
3.11.3 Decomposition of Stress Tensor
It is possible to decompose the stress tensor a  into a deviatoric stress tensor (5 and a 
hydrostatic stress tensor so that
*^ xy ^yx O'* O'ay O'xz O'm 0 0
^  yx cry Tyz O'y* cr^ O'yz + 0 O'm 0
^zx 0-z 0 -1 O-zy O-z 0 0 O’m
or
cr = cr +cr, (3.30)
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where the mean stress is given as
(T. = (3.31)
A measure that is useful in defining the yield criterion (which will be described later), is 
the second invariant of deviatoric stresses which may be expressed as
J 2 -  y[o-*^+o-ÿ2+<r;2+2cr^+2crÿ2+2cr;2] (3 .32)
3.11.4 Principal Stresses
If the stress tensor is known at a point, it is possible to find a set of orthogonal planes on 
which the shear stresses are zero. These are termed the principal planes and the direction 
of the vectors normal to them are called the principal directions of stress. The normal 
stresses on these principal planes are called principal stresses, if the principal directions are 
used as the references axes, then the stress tensor takes the form
cr = 0 0 0 0*2 00 0 0*3 (3.33)
The yield criteria adopted in plasticity may be expressed in terms of the principal stresses.
3.11.5 Yield Surfaces
Material is assumed to yield initially when some function of the stress state, known as the 
yield function reaches a critical level. This can be represented generally as
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F(cr)= / ( c r ) - r  = 0 (3.34)
where f (a) is the yield function and Y is the critical value of the yield function.
The surface formed by this function on a stress map is known as the yield surface; all 
stress states within this surface are elastic. A number of different yield functions have 
been proposed including Rankine’s theory (which assumes yielding at a critical level of the 
maximum principal stress), Saint-Venant’s theory (yielding at a critical value of the 
maximum principal strain), the Tresca criterion (yielding at a critical maximum shear 
stress), and the Von Mises criterion (yielding at a critical value of distortion energy). The 
term distortion energy is defined as the strain energy caused by changes in shape, rather 
than volume, of a material.
Generally, it is found that different materials require different yield functions. The Von 
Mises criterion has been found to be applicable to ductile metals, A modified form of this 
criterion (see chapter 4), has been found necessary to model yielding in the adhesive.
The yield surfaces can be expressed in terms of stress invariants (Jj and J2) and the yield 
stress in uniaxial tension (Y^).
(3.35)
= +T^ (3.36)
where or/ = cT{—7i/3
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Ji is a measure of the hydrostatic level of stress and the deviatoric level. These are the 
stresses that cause changes in volume and shape respectively.
(a) Von Mises Yield Surface
F = (•5-((o-,-o-y)='+(o-,-o-J2+(o-.-cr*)2)+ 3(T|,+T|,+T,2 ))“- y r  = o
= Y lO Y f '- Y r  = 0 (3.37)
This implies yielding takes place at a certain level of stress (J%) and is independent of the 
general hydrostatic stress. However, if the hydrostatic stresses are important, ie yield in 
tension and compression are different, as is the case with many polymers, then a different 
yield surface is required.
(b) Paraboloidal Yield Surface
(3 .3 8 ,
where 5 = Tc/Tr
and Tc = the  yield  stress in  uniaxial compression
This is obtained by modifying an expression for the yield surface of polymers, proposed 
by Raghava et al [68] given below
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3 /2 + (y ,-r r )/i = TcYr (3.39)
For finite element analysis, it is convenient to obtain this expression in terms of the yield 
stress in tension (Yt) only. Adam and Pepplatt [69] developed expression (3.13) by 
substituting Y, = S Yt in the yield surface proposed by Raghava et al and solving the 
quadratic expression in Yt.
Both the Von Mises and Paraboloidal yield surfaces are represented as isometric projections 
on a principal stress map in fig 3.6(a) and 3.6(b) respectively. The former is a hollow 
cylinder and the latter a paraboloidal surface, their axes being the line
3.11.6 Post Yield Behaviour
After first yield, subsequent loading produces plastic deformation which may be 
accompanied by a modification of the shape and/or position of the yield surface.
For a perfectly plastic material there is no change in the yield surface during plastic
deformation. For a strain hardening material plastic deformation produces a change in the 
yield surface and a general form for the yield surface is:
F = f M - Y T { K )  (3 .40)
where K is some hardening parameter.
For isotropic hardening the yield surface increases in size but maintains its original shape 
under loading conditions. In kinematic hardening the original yield surface is translated 
to a new position in stress space with no change in size or shape.
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3.11.7 Plastic Flow Behaviour
Straining during yielding can be split into elastic and plastic components.
e = e ^ + € p  (3.41)
The elastic components of the strain can be obtained directly from the stresses using the 
Hookean relationship of elasticity.
e. = [nr^o- (3.42)
[D] is the modulus matrix. To determine the plastic strain components, it is usually 
necessary to consider increments of strain. Levy and Von Mises [70] first proposed an 
incremental relationship, suggesting that the total strain increments were proportional to 
their respective deviatoric stresses. Prandtl and Reuss [70] modified the levy-Mises 
equations, proposing that the plastic rather than the total strain increments were proportional 
to the instantaneous deviatoric stress. This can be written as
dSp^lcr^ = d€pyf<rÿ = d \
where d is some instantaneous constant that can vary throughout the loading. Currently, 
this has been modified further to give a general flow rule. A plastic potential has been 
defined which, by partially differentiating with respect to the stresses, yielded the ratios of 
the plastic strains. This plastic potential has often been defined as the yield function. This 
approach has been termed "associated" plasticity and has been used in this work. The rule 
can be written as
= dX (a//0cr) (3.43)
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and is sometimes known as the normality principle because it can be interpreted as 
requiring the plastic strain increment to be normal to the yield surface. For added 
generality it is necessary to take the plastic potential to which the normality principle is 
applicable as:
Qio- . . K") -  0
This allows non-associated plasticity to be dealt with and associated rules to be obtained 
as a special case by making
F  s  e
3.12 FINITE ELEMENT FORMULATION FOR THE ELASTO-PLASTIC MODEL
Any nonlinear finite element program must essentially contain all the subroutines necessary 
for elastic analysis. Briefly these consist of subroutines:
(a) to accept the input data,
(b) for element stiffness formulation,
(c) for equation assembly and solution,
(d) for outputting the final results.
Several classes of nonlinear problems including material plasticity can be reduced to the 
solution of a system of simultaneous equations in which the equation co-efficients are 
dependent on some function of the prime variables. In order to implement this solution 
in a computer program, additional subroutines are clearly necessary. In particular two 
primary "loops" are necessary to iterate the solution until convergence of the solution 
occurs and to increment the applied loading. Subroutines must be included to evaluate the 
residual forces and also to monitor convergence of the solution. A typical flow chart of 
an elasto-plastic program is shown in fig 3.7 [72].
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3.12,1 Matrix Formulation
The theoretical expressions developed in section 3.11.7 will now be converted to matrix 
form.
During plastic deformation the normality rule is:
= d \ E  (3.44)
where
a =
ÔO-;
and is a vector defined at any stress state. 
Also:
FisrSp.K') = 0
and hence
ho QK
Introducing
a =
ho,
and
A = (3.46)d \  "0$, '  P
equation 3.45 can be written as
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a'^do’-'A  JX = 0 (3.47)
From 3.41 and 3.42
d e ^ -  D y  O' (3 .48)
Combining this with equation 3.19 gives
d€ = Z)-ycr+dX a (3.49)
Pre-multiplying both sides of above by a"^  D and eliminating da by equation 
3.22:
d^ de  = A <fX+4Xj8 (3.50)
where
d ~ D a . jS = d and d = Dâ 
Equation 3.50 gives
d \ - ~ ^ ^ ^ d ' ^ d e  (3.51)
substituting dX in (3.49) and rearranging
da- -  {D-Dp ^ d e -  D^pde (3.52)
where
(3.53)
note that D p d e -  d \ d  (3.54)
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Equation 3.52 relates infinitesimal increments of stress uniquely with corresponding 
increments of strain. In associated plasticity where
F ^  Q then a = a, d = d and
Dep takes the form
and Dpde= d \ d
3.12.2 Alternative Plasticity Forms
For numerical computations it is convenient to rewrite the yield function in terms of 
alternative stress invariants. This formulation is due to Nayak [71] and its main advantage 
is that it permits the computer coding of the yield function and the flow rule in a general 
form and necessitates only the specification of three constants for any individual criterion. 
It has been shown [71] that for isotropic materials it is convenient to express the yield and 
potential functions as functions of three stress invariants (o„, G, (])) give by
o-m = /i/3  
S' = (3.56)
Il , 1% are given by (3.10) and (3.11) respectively and
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J z  ^  xy^yz*^  zx ^  x'^yz ^ y ^ ^  ^  z"^ ^  C3.57)
Gi is defined in (3.36).
The first and second invariants were, as it was shown in (3.37) and (3.38), used in 
formulating the Von Mises and the Paraboloidal yield criteria. The third invariant is used 
in criteria such as the Mohr-Coulomb:
F  = sinO+ŒC0 8 ^ — -^sin^ sinG —C cos9 = 0 (3.58)
where C and 0 are the cohesion and angle of friction respectively.
These forms are simple and lead to a convenient definition of the gradient vectors a or a, 
irrespective of whether the surface is used as a yield condition or potential. Thus it is 
possible to write:
60- @cr Qcr ^  Q<l> Qo-
Noting that from equation (3.56) the following
M .  (3 60)flo- 2cos3<^V Ô0- r*  ôo-^
is obtained.
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Therefore one can write the flow vector a as [74];
a = Ci^i + C2G.2 + C3Û3 (3.61)
where vectors a^ , and a^  are the derivatives of c  and J3 with respect to stresses and 
are given in Appendix A. The three constants C for the two yield criteria used in this 
thesis are given in Table 3.1
Table 3.1 Constants C for various yield conditions.
Yield Conditions 01 02 03
Von Mises 0 V3 0
Paraboloidal TzCt 4- p -) ^1 g (f - ) ^1 0
where D = Vj2
Ti = 3 (S - 1) a ,
Tz = (S - 1) / (2 S)
S = Y, /  Yy 
Yg = tensile yield stress 
Yt = compression yield stress 
Yr= [9cr^((5 -  1)^  + 12/35 
Y2 = 3 (S - 1)
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The values of Cj , Q  and C3 in the above table were derived from [72]:
m
C, = -  I S # ,  m  (3.62)Ô0- a  d<p
C ,  =  1 M2cos3<j£) cr^  <^l>
hence it is possible to achieve a simplicity of programming as only these three constants 
have to be varied between one yield surface and another.
3.12.3 Numerical Form For Stress Reduction
During the general stage of the iterative solution of a finite element elasto-plastic problem 
the equilibrium equations will not be exactly satisfied. The nodal forces which are 
statically equivalent to the stress field satisfying elasto-plastic conditions are not equal to 
those which are equivalent to the applied loads therefore a system of residual forces will 
exist.
I
Some limitations on the values of these residual forces forms the basis of a convergence 
criterion.
For any load increment it is necessary to determine what proportion is elastic and which 
part produces plastic deformation and then adjust the stress and strain terms until the yield 
criterion and the constitutive laws are satisfied. The method for dealing with this follows 
the approach of ref (72). Stress Point A in fig 3.8 [72] which is a result of an elastic
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behaviour beyond Point B, must be brought down to the yield surface by allowing plastic 
deformation to occur. Physically this can be described as follows. On loading from Point 
C, the stress point moves elastically until the yield surface is met at B. Elastic behaviour
beyond this point would result in a final stress state defined by Point A. However, in
order to satisfy the yield criterion, the stress point cannot move outside the yield surface
and consequently the stress point can only traverse the surface until both equilibrium
conditions and the constitutive relation are satisfied.
From (3.52)
= W-Dp')de^
or
do-'- = de-Dpd&^  (3.63)
where r refers to the current iteration.
But (3.55) gives
D p d ^ ^ ^ d \ d  (3.64)
by substituting (3.64) in (3.63) the following equation is obtained:
do-'- = D d e - - d \ d  (3.65)
or
o-r = cr^-^+dKTl-dX d (3.66)
which gives the total stresses a   ^ satisfying elasto-plastic conditions when the stresses are 
incremented from o  The final point D, corresponding to o  % may depart from the 
yield surface. This discrepancy can be practically eliminated by ensuring that the load
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increments considered in solution are sufficiently small, or be reducing the Point D to the 
yield surface (D) by scaling the vector a
The main basic steps for solving elasto-plastic problem numerically during an iteration r 
is:
1. Calculate the stresses elastically using
d i j l - D d € ‘
2. Evaluate the effective stress from table 3.1 and check to see if yield has started.
3. If yield has commenced bring the excessive stresses, calculated by step 1, to the yield 
surface using equation (3.66) ie
cr^  = crJ—J  X d
These steps are repeated until convergence occurs.
73
CHAPTER 4
YIELD IN POLYMERS
74
4.1 INTRODUCTION
Classical plasticity theory often includes several assumptions where the yield behaviour of 
solids is involved, these are:
1) the material is isotropic and homogeneous,
2) yielding is not influenced by the hydrostatic component of the stress state, and in 
particular the tensile and compressive yield strengths are equal,
3) deformation proceeds under constant volume.
Although these assumptions are reasonable in the case of ductile metals, their accuracy 
diminishes when polymers are the solids under consideration.
Plastic yielding in metals takes place by slip on crystallographic planes by dislocation 
movement. The two most common yield criteria assume that deformation occurs in shear 
when the maximum shear stress (Tresca criterion) or the elastic shear strain energy density 
(Von Mises criterion) reaches a critical value. In either case the critical shear stress for 
yield is independent of the hydrostatic stress component and deformation takes place at 
essentially constant volume.
The deformation of polymers has no known simple mechanism analogous to dislocation 
movement and in view of the complex structure of these materials the process by which 
plastic yielding occurs is more complicated. It is well established now that yield in 
polymers is dependent on the hydrostatic stress component and that polymers undergo a
75
volume change while deformation process, and finally tensile and compressive yield 
strength of polymers are not equal, see fig 2.21.
Due to this violation of the classical assumptions which were mentioned at the beginning 
of this chapter, researchers commenced investigations for a sensible criterion which at the 
very least included pressure dependency effects on yielding. This chapter discusses the 
various types of yield criteria proposed for polymers.
4.2 THE YIELD BEHAVIOUR OF IDEAL PLASTIC MATERIALS
In this section the yield behaviour of a number of ideal plastic materials is discussed, and 
the extent to which polymers can be considered to behave as ideal plastic materials is 
considered in the following section.
4.2.1 Yield Criteria
The criterion that has been found most appropriate to describe the onset of plastic flow in 
metals is that due to Von Mises, see equation (3.37) in chapter 3. This equation can be 
written in terms of the principal stress as
(cTi~Cr2)^+(cr2—CT3)2 + (cr3—CTi)^  = 6 (4.1)
The quantity K is a constant. A simpler criterion is that due to Tresca which stats that 
yield will occur when the resolved shear stress on any plane in the material reaches a 
critical value.
M axim um  sh ea r s tre ss  = K  (4.2)
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For both criteria the constant K is the shear stress for flow in pure shear, and the flow 
stress is independent of the hydrostatic component of the stress system and depends only 
on the deviatoric component.
For many polymers the flow stress increases when the material is under a hydrostatic 
pressure and two different ways have been suggested of modifying the yield criterion to 
take this effect into account. It has been suggested [73] that by analogy with the Coulomb 
yield criterion the value of the constant K increases linearly with P„, the normal pressure 
on the shear plane (P„ = -o„, where is the normal stress), leading to a relation of the 
form.
K  = Ko-fXCTj, = Ka+flPn (4.3)
Where |i and K^are constants. The "shear plane" is the plane in the material on which the 
shear stress first reaches the critical value for yield defined by equation (4.3).
A second possibility suggested by Schofield and Wroth for soils [74] is that the value of 
K depends on the hydrostatic component of the stress system.
K  = Ko+fiF , F  = —■|-(a'i+(r2+cr3) (4 .4)
The physical argument behind this latter assumption is that the hydrostatic stress changes 
the state of the material and produces a structure that has a higher flow stress but is 
otherwise a well-behaved plastic material. For example it deforms at constant volume.
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4.2.2 Application of the Yield Criteria
If the two forms of yield criterion, equations (4.1) and (4.2) are combined with the two 
forms of pressure dependence, equations (4.3) and (4.4), there are four possible 
combinations. However, Boweden and Jukes [75] showed that only three of these are 
physically realistic. For deformation according to the Von Mises criterion it is not 
reasonable to define a shear plane so that it is difficult to justify the use of equation (4.3) 
with equation (4.1). The three realistic combinations are:
(a) Yield according to equations (4.1) with a K value determined by equation (4.4). This 
is referred to as a modified Von Mises criterion.
(b) Yield according to equation (4.2) with the value of K determined by equation (4.3).
This is a criterion that has been suggested for soils [76] and is referred to as a Mohr-
Coulomb criterion. See equation (3.58) in chapter 3.
(c) Yield according to equation (4.2) with the value of K determined by equation (4.4).
This is referred to as a modified Tresca criterion.
B au wens [77] suggested a modification to the Von Mises criterion to describe the 
behaviour of polyvinylchloride under a combination of shear and biaxial tension. It was 
applied to polymethylmethacrylate by Stemstein et al [78], and by Bowden and Jukes [75]. 
In terms of the principal stresses it can be expressed as:
[((Ti-cr2)  ^+ (o-2- 0-3)  ^+ (CT3—0"i)^]^ =
2v ^ c |c r r  __ -v^(kcl -  err) (cti + erg + 0-3) , .
krd + o r  krd + CTr ^
Where Gt, g  ^ are the tensile and compressive yield stress respectively.
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Another form of modified Von Mises criterion was used by Raghava et al [68], shown in 
equation (3.38) in chapter 3, to describe the yield behaviour of polycarbonate and 
polyvinylchloride and was later applied to high density polyethylene by Reghava and 
Caddell [79]. In contrast to the previous criterion the yield surface is not a cone but is 
a paraboloidal surface, see fig 3.6(b). Both modified Von Mises and the paraboloidal yield 
criterion reduce to the simple Von Mises one if = Gt.
4.3 DISCUSSION
4.3.1 The Application of Plasticity Theory to Polymers
In the previous section an attempt has been made to define a yield criterion for polymers. 
However, once a polymeric material has undergone an appreciable plastic strain its 
mechanical properties become highly anisotropic and it exhibits a strong Bauschinger effect 
[80]. In addition many polymers strain harden rapidly. Finally polymers undergo large 
viscoelastic strains as they are loaded to their yield point. Elastic strains produced in a 
material before the yield point is reached do not affect the arguments of plasticity theory 
provided that during yielding the elastic strain is constant [70]. This will be the case as 
long as flow takes place at constant stress. However, an effect of a large elastic strain is 
to distort the material and to make it markedly anisotropic by the time plastic deformation 
starts to occur, Bowden and Jukes [75] suggested that provided the effects of anisotropy 
due both to elastic deformation before yield and plastic deformation after yield can be 
neglected results obtained from applying the yield equations, described in section (4.4), on 
polymers are valid. In practice this means the results are only valid for initially isotropic 
polymers. However, the isotropic approximation is widely used.
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4.3.2 Values of a. / Gt. K. and u
The ratio of the uniaxial compressive yield stress to the uniaxial tensile yield stress is 1.3, 
which appears to be typical of many polymers [68,79] including epoxy resins [81].
In the plane strain compression test the material is prevented from expanding in the
direction perpendicular to Gj and G^  so that during yielding the strain rate in this direction 
is zero. It follows from the levy-Mises equation for plastic flow [70] that the restraining 
stress in this direction, Gg, is given by Gg = %(Gi + G^ ).
If Gg has this value then on both a modified Von Mises criterion and a modified Tresca
criterion, see section 4.2,yield will occur when
< 1^= —2Ko/{X—(x) (4.6)
Furthermore, in a test in pure shear the hydrostatic component of the stress system is zero 
so that on both a modified Von Mises and modified Tresca criterion yield will occur when
CTl = -(72 = -/To (4.7)
It follows from equation (4.7) that the value of can be derived from the value of Gj 
and G% at the pure shear point. If IQ is known the value of can be derived from the 
yield stress in plane strain compression using equation (4.6). An average value of 0.12 is 
reported for |X by many researchers [75,68,82,83].
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4.3.3 Choice of a Yield Criterion for Polymers
Brown [84] recommends that Von Mises criterion should be applied when it is not clear 
as to which of the yield criteria should be used. Raghava and Caddell [68] compared 
equation (4.5) and (3.38) and found that for a value of cJGj. slightly in excess of unity 
there is little difference in the prediction of yielding of polymers between these two 
equations. Furthermore, these different yield criteria have been compared with experimental 
findings for Polyvinyl Chloride (PVC) and Polycarbonate (PC). In addition, data reported 
by other investigators who used Polymethyl Methacrylate (PMMA), PVC and Polystyrene 
(PS) were also utilised in the same reference. In general good agreement has been found. 
Finally Raghava and Caddell observed in the same work discussed above that the criterion 
described by equation (3.38), ie the Paraboloidal yield criterion, more properly reflects the 
differences in the increase of yield strength under increasing hydrostatic pressure than does 
the criterion based upon equation (4.5).
From equations (4.6) and (4.7) it is possible to determine values of and |i but it is not 
possible to determine which yield criterion is most appropriate for a given material since 
the flow-stress values predicted from all yield criteria, described in section4.2,are essentially 
identical. Bowden and Jukes [75] suggested a practical method of determining which 
criterion is most appropriate for a given material. In table 4.1 expressions for the uniaxial 
compressive yield stress, are given for three yield criteria [75]. The yield stress in 
uniaxial tension are obtained by changing the signs in these expressions.
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Table 4.1 Various expressions and numerical values for yield stress ratio.
Yield Criterion
Modified Von 
Mises
Mohr-Coulomb
Modified Tresca
V(1 + juD — At
fi  =  0.16
1 .25
1 .06
fx = 0.25
1 .3 2
1.11
where is the uniaxial compressive yield stress
Ops is the plain strain compressive yield stress 
It is possible to make a choice as to which of the yield criteria is the most appropriate if
the experimental data give the value of the yield stress ratio Comparing this ratio
with the numerical values given in Table 4.1 will determine the suitable yield criterion.
Brown [84] has reported a value of -  1.28 for both PMMA and Epoxy resins. In
table 4.1 this ratio has been evaluated for \i = 0.16 and it is seen that the criterion most
consistent with this ratio is a modified Von Mises criterion.
It has been shown by Taylor [85] that if a material deforms by the formation of thin shear 
bands as does (PS) then the material obeys a modified tresca criterion. In addition, it has 
been shown [75] that if a material dilated continuously during plastic flow then the flow 
stress will depend on the normal stress on the shear plan and the inclination of the shear
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bands will deviate from 45° so that the material will obey Mohr-Coulomb. In general 
Bowden and Jukes [75] concluded that it might be expected that all polymers which 
deform relatively homogeneously (PVC, Epoxy resins) should obey a modified Von Mises 
criterion while those that deform inhomogeneously by the formation of shear bands like 
Polyethylene Terephthalate (PET) should obey a modified Tresca criterion.
The form of the modified Von Mises shown in equation (3.38), referred to as Paraboloidal 
yield criterion, will be programmed as a subroutine in a main finite element package, the 
programming and inserting of the routine into the main finite element package (ABAQUS) 
will be discussed in the next chapter.
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CHAPTER 5
PROGRAMMING OF SUBROUTINE 
”UMAT"
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5.1 INTRODUCTION
Until recently an analyst who wished to use a yield criterion that was not available in a 
standard package had to modify one of the publicly available programs in order to perform 
an analysis. Examples of suitable programs include those published in texts by Owen and 
Hinton [72] and Smith and Griffiths [86]. A disadvantage of this approach is that these 
programs lack many of the convenient features that are found in standard commercial 
packages (for example: graphical pre- and post- processing, automatic load incrementation 
and recent advances in iterative techniques).
The ABAQUS finite element package was developed by Hibbitt, Karlsson, and Sorensen 
Inc. (HKS) of the USA. The program was used on the computers at the University of 
Manchester Regional Computer Centre (UMRCC) through the arrangement made for the 
academic use of the program between HKS and UMRCC. The aim of this chapter is to 
show the techniques which have been used to alter the yield surface in ABAQUS package.
5.2 USER SUBROUTINE
ABAQUS is well endowed with facilities for nonlinear analysis and the author has made 
use of the "user subroutine" facility which allows a user of ABAQUS to write a 
subprogram defining the material constitutive relations to be used in an analysis. The 
following procedure was follows to ensure that the paraboloidal yield criterion was 
implemented correctly:
1) The Von Mises yield criterion was implemented in ABAQUS using the user subroutine 
facility ABAQUS-UMAT and results were compared with those obtained using the existing 
ABAQUS Von Mises option;
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2) The Paraboloidal yield criterion was implemented in one of Owen and Hinton’s 
programs (PLANET) [72] as well as using the user subroutine facility in ABAQUS 
(ABAQUS-UMAT).
Fig 3.7 shows an outline flowchart (based on ref 72) for the calculations which are 
performed by most nonlinear finite element programs. The applied loading is subdivided 
into a number of increments which are applied in turn via the outer "increment loop". 
Each increment corresponds to finite changes in strains and stresses whereas the 
fundamental equations describing the material behaviour are for infinitesimal (differential) 
changes in strains and stresses. For this reason there is an iterative correction procedure 
within each increment in which strains and stresses are adjusted so that the finite changes 
match an integration of the infinitesimal quantities, consistent with the differential 
relationship between stress and strain. This second stage of the calculation is performed 
within the inner "iterative loop".
The user subroutine that is supplied to ABAQUS performs two functions:
1) it calculates a stress-strain compliance matrix which is used at the start of each 
increment;
2) it calculates the stress increment for a given strain increment (this is used in the 
iterative part of the calculation described above).
5.3 SUBROUTINE "UMAT"
The aim of this subroutine is to define the mechanical constitutive behaviour of the 
material, it was generated at the University of Surrey by the author in order to enable the
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use of ABAQUS to alter the yield surface, during an elasto-plastic analysis, to the desired 
one.
The construction of subroutine UMAT is based on the theory described in chapter 3, the 
subroutine consists of the following main parts:
I) define the Jacobian matrix DDSDDE (referred to as D matrix in chapter 3).
II) calculate the stresses by equation (3.29):
O' =  0-+Z) <f€
in) evaluate the effective stress from table (3.1)
IV) bring the excessive stresses down to the yield surface by equation (3.66)
V) Update the stresses
Subroutine "UMAT" is now presented and descriptive comments are provided after the 
FORTRAN listing of the subroutine.
1
2
3
4
5
6
7
8
9
10
11 C
12 C
13 C
14 c
SUBROUTINE UMAT(STRESS,STATEV,DDSDDE,SSE,SPD, 
ISCD,STRAN,DSTRAN,TIME,DTIME,TEMP,DTEMP, 
2PREDEF,DPRED,MATERL,NDI,NSHR,NTENS,NSTATV,
3PR0P S,NPROP S,COORDS)
DIMENSION STRESS(NTENS),STATEV(NSTATV),
IDDSDDE(NTENS,NTENS),STRAN(NTENS),DSTRAN(NTENS), 
2PREDEF(1),DPRED(1),PROPS(NPROPS),COORDS(3),
3STRES(4),DESIG(4),B1(459),B2(459),
4SGTOT(4),DEVIA(4),SIGMA(4),EFFST(459),EPSTN(459), 
5VECA1(4),VECA2(4),VECA3(4),AVECT(4),DVECT(4)
87
15:C
16; 0P=1
17 :C
18 :C 
19:C
20: OP2=2
21:C
22:C
23:C
24: NELEM=4 9
25:C
26: NGAUS-9
27:C
2 8 : IC-NGAUS*NELEM 
29:C
3 0 : NNN=NGAUS*NELEM*NTENS 
31:C
32:C
33: DSTOT=0.0
34: DO 345 1=1,NTENS
35: DSTOT=DSTOT+DSTRAN(I)*DSTRAN{I)
36: 34 5 CONTINUE
37 : DSTOT=SQRT(DSTOT)
38:C
39:C
40:C
41: IF(TIME.GT.TIMER)THEN
42: DO 124 1=1,IC
43: B1(I)=EFFST(I)
44; B2(I)=EPSTN(I)
45: 124 CONTINUE
46:C
47:C
48:C
49: ELSE
50:C
51: IF(DSTOT.LE.lE-9)THEN
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52 DO 125 1=1,IC
53 EFFST(I)=B1(I)
54 EPSTN(I)=B2(I)
55 125 CONTINUE
56 C
57 ELSE
58 C
59 END IF
60 C
61 END IF
62 c
63 IF(ICOUNT.GT.IC)IC0UNT=1.0
64 IF(ICOUNT.GT.1.0)GOTO 123
65 IC0UNT=1.0
66 123 CONTINUE
67 c
68 c
69 E=PROPS(1)
70 U=PROPS(2)
71 POISS=U
72 YOUNG=E
73 c
74 SIGMYC=86
75 SIGMYT=69
76 S=SIGMYC/SIGMYT
77 c
78 UNIAX=PROPS(3)
79 c
80 R00T3=1.73205080757
81 NSTR1=NTENS
82 HARDS=0.0
83 c
84 c
85 c
86 IF(OP.EQ.2)THEN
87 c
88 A=YOUNG*(1.O-POISS)
89
89: B=1.0-2.0*POISS
90: C=(1.0+POISS)*B
91: CONST=A/C
92; DDSDDE(1,1)=C0NST
93: DDSDDE(1,2)=CONST*POISS/
94: DDSDDE (1,3)=0.0
95: DDSDDE(1,4)=0.0
96: DDSDDE (2,1)=CONST*POISS/
97: DDSDDE(2,2)=CONST
98: DDSDDE(2,3)=0.0
99: DDSDDE(2,4)=0.0
100: DDSDDE(3,1)=0.0
101: DDSDDE(3,2)=0.0
102: DDSDDE(3,3)=0.0
103: DDSDDE(3,4)=0,0
104: DDSDDE(4,1)=0.0
105: DDSDDE(4,2)=0.0
106: DDSDDE(4,3)=0.0
107: DDSDDE(4,4)=B*C0NST/(2.0
108:C
10 9: ELSE
110:C
111:C
112: A=(1+U)*(1-2*U)
113: B=E/A
114 : DDSDDE(1,1)=B*(1-U)
115: DDSDDE(1,2)=B*U
116: DDSDDE(1,3)=B*U
117: DDSDDE(1,4)=0.0
118: DDSDDE(2,1)=B*U
119: DDSDDE(2,2)=B*(1-U)
120: DDSDDE(2,3)=B*U
121 : DDSDDE(2,4)=0.0
122: DDSDDE(3,1)=B*U
123: DDSDDE(3,2)=B*U
124 : DDSDDE(3,3)=B*(1-U)
125: DDSDDE(3,4)=0.0
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126: DDSDDE(4,1)=0.0
127: DDSDDE(4,2)=0.0
128: DDSDDE(4,3)=0.0
129: DDSDDE(4,4)=B*((1-2*U)/2)
130:C
131:C
132: END IF
133:C
134:C
135:C
136:C
137:C
138: DO 10 1=1,NTENS
139 : STRES(I)=0.0
140 : DO 10 J=l,NTENS
141 : STRES (I)=STRES (D+DDSDDE (I, J) *DSTRAN(J)
142: 10 CONTINUE
143:C
144:C
145: IF{0P.EQ.2) THEN
146:C
147 : STRES(3)=P0ISS*(STRES(1)+STRES(2))
148:C
14 9: END IF
150:C
151:C
152 : PREYS=UNIAX+EPSTN(ICOUNT)*HARDS
153:C
154 :C
155:C
156: DO 150 ISTR1=1,NSTRl
157: DESIG(ISTR1)=STRES(ISTRl)
158: 150 SIGMA(ISTRl)=STRESS(ISTRl)+STRES(ISTRl)
159:C
160 :C
161:C
162: SMEAN=(SIGMA(1)+SIGMA(2)+SIGMA(3))/3.0
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163: DEVIA(1)=SIGMA{1)-SMEAN
164: DEVIA(2)=SIGMA(2)-SMEAN
165: DEVIA(3)=SIGMA(3)-SMEAN
166: DEVIA(4)=SIGMA{4)
167 :C 
168:C 
169:C
170: VARJ1=DEVIA(4)*DEVIA(4)+0.5*(DEVIA(l)*DEVIA(1))
171: VARJ2=VARJl+0.5*(DEVIA(2)*DEVIA(2)+DEVIA(3)*DEVIA (3))
172 : VARJ3=DEVIA(3)*(DEVIA(3)*DEVIA(3)-VARJ2)
173: STEFF=SQRT(VARJ2)
174 :C
175: IF(0P2.EQ.2) THEN
176: Y1=SQRT(9*((SMEAN)**2)*((S-1)**2)+12*VARJ2*S)
177 : Y2=3*SMEAN*(S-1)
178: YIELD=(Y1+Y2)/(2*S)
17 9: ELSE
180: YIELD=R00T3*STEFF
181; END IF
182:C
183:C
184 :C
185: ESPRE=EFFST(ICOUNT)-PREYS
18 6: IF(ESPRE.GE.O.O)GO TO 50
187:C
188 :C 
189:C
190 : ESCUR=YIELD-PREYS
191: IF(ESCUR.LE.O.O)GO TO 60
192:C
193 :C
194:0
195 : RFACT=ESCUR/(YIELD-EFFST(ICOUNT))
196:0
197: GO TO 70
198:0
199: 50 ESCUR=YIELD-EFFST(ICOUNT)
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200
201
202 C
203
204
205
206 C
207
208
209
210 c
211 c
212 c
213
214 c
215 c
216 c
217
218
219
220
221
222 c
223 c
224 c
225
226
227
228
229 c
230
231
232
233
234
235
236
IF(ESCUR.LE.O.O)GO TO 60 
RFACT=1.0
70 MSTEP=ESCUR*8/UNIAX+1.0 
ASTEP=MSTEP 
REDUC=1.0-REACT
DO 80 ISTR1=1,NSTR1
SGTOT(ISTR1)=STRESS(ISTRl)+REDUC*STRES(ISTRl) 
80 STRES(ISTRl)=RFACT*STRES(ISTRl)/ASTEP
DO 90 ISTEP=1,MSTEP
SMEAN=(SGTOT(1)+SGTOT(2)+SGTOT(3))/3.0 
DEVIA(1)=SGTOT(1)-SMEAN 
DEVIA(2)=SGT0T(2)-SMEAN 
DEVIA (3 ) =SGTOT ( 3) -SMEAN 
DEVIA(4)=SGT0T(4)
VARJ1-DEVIA(4)*DEVIA(4)+0.5*(DEVIA(1)*DEVIA(1))
VARJ2=VARJ1+0.5 * (DEVIA(2)*DEVIA(2)+DEVIA(3)*DEVIA(3)) 
VARJ3=DEVIA(3)* (DEVIA(3)*DEVIA(3)-VARJ2)
STEFF=SQRT(VARJ2)
IF(OP2.EQ.2)THEN
Y1=SQRT(9*((SMEAN)**2)*((S-1)**2)+12*VARJ2*S)
Y2=3*SMEAN*(S-1)
YIELD=(Y1+Y2)/(2*S)
ELSE
YIELD=R00T3*STEFF 
END IF
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237 C
2 3 8 C
239 C
240 VECAl(1)=1. 0
241 VECAl(2)=1.0
242 VECAl(3)=1.0
243 VECAl(4)=0.0
244 C
245 C
246 C
247 DO 15 ISTR1=1,NSTR1
248 15 VECA2(ISTRl)=DEVIA(ISTRl)/(2.0*STEFF)
249 VECA2(4)=DEVIA(4)/STEFF
250 C
251 C
252 C
2 5 3 VECA3(1)=DEVIA(2)*DEVIA(3)*VARJ2/3.0
254 VECA3(2)=DEVIA(1)*DEVIA{3}*VARJ2/3.0
255 V1=DEVIA{1)*DEVIA(2)-DEVIA{4)*DEVIA(4)
2 5 6 VECA3(3)-VI+VARJ2/3.0
257 VECA3{4)=-2.0*DEVIA(4)*DEVIA(3)
2 5 8 C
2 5 9 C
2 6 0 C
261 IF{OP2.EQ.2)THEN
2 6 2 D=SQRT(VARJ2)
2 6 3 Tl=3*(S-1)*SMEAN
264 T2=(S-1)/ ( 2 * S )
265 C0NS1=T2*(1+(T1/Y1))
2 6 6 CONS2=6*(D/Yl)
2 6 7 CONS3=0.0
2 6 8 ELSE
2 6 9 CONS1=0.0
270 C 0 N S 2 - R 0 0 T 3
271 CONS3=0.0
272 END IF
273 C
94
274
275
276
277
278
279
280 
281 
282
283
284
285
286
287
288
289
290
291
292
293
294
295
296
297
298
299
300
301
DO 20 ISTR1=1,NSTR1
AVECT(ISTRl)=CONS2*VECA2(ISTRl)+CONS3*VECA3(ISTRl)
20 AVECT(ISTRl)=C0NS1*VECA1(ISTRl)+AVECT(ISTRl)
FMULl-YOUNG/(1.O+POISS)
FMUL2=(AVECT(1)+AVECT(2)+AVECT(3))
FMUL2-FMUL2/((1.O+POISS)*(1.0-2*POISS))
FMUL2=YOUNG*POISS*FMUL2
DVECT(1)=FMUL1*AVECT(1)+FMÜL2
DVECT(2)=FMUL1*AVECT(2)+FMUL2
DVECT(4)=0.5*AVECT(4)*YOUNG/(1.O+POISS)
DVECT(3)=FMUL1*AVECT(3)+FMUL2
DENOM=HARDS 
DO 30 ISTR1=1,NSTR1 
3 0 DENOM=DENOM+AVECT(ISTRl)*DVECT(ISTRl)
ABETA=1.O/DENOM
AGASH=0.0
DO 100 ISTR1=1,NSTR1 
100 AGASH=AGASH+AVECT(ISTRl)*STRES(ISTRl)
DLAMD=AGASH *ABETA 
IF(DLAMD.LT.0.0)DLAMD=0.0
BGASH=0.0
DO 110 ISTR1=1,NSTR1
BGASH=BGASH+AVECT(ISTRl)*SGTOT(ISTRl)
110 SGTOT(ISTRl)=SGTOT(ISTRl)+STRES(ISTRl)-DLAMD*DVECT(ISTRl)
302:C
303:
304:C
305 :C
306:
307:C
308:C
309:C
90
EPSTN(ICOUNT)=EPSTN(ICOUNT)+DLAMD*BGASH/YIELD
CONTINUE
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310 SMEAN=(SGTOT(1)+SGTOT(2)+SGTOT{3))/3.0
311 DEVIA{1)=SGTOT(1)-SMEAN
312 DEVIA(2)=SGTOT(2)-SMEAN
313 DEVIA(3)=SGTOT(3)-SMEAN
314 DEVIA(4)-SGTOT(4)
315 C
316 C
317 C
318 VARJ1=DEVIA(4) *DEVIA(4)’+0.5* (DEVIA (1) *DEVIA(1) )
319 VARJ2=VARJl+0.5 *(DEVIA(2)*DEVIA(2)+DEVIA(3)*DEVIA(3)
320 VARJ3=DEVIA(3)* (DEVIA(3)*DEVIA(3)-VARJ2)
321 STEFF-SQRT(VARJ2)
322 C
323 IF(OP2.EQ.2) THEN
324 Yl-SQRT(9*((SMEAN)**2)*((S-1)**2)+12*VARJ2*S)
325 Y2=3*SMEAN*(S-1)
326 YIELD-(Y1+Y2)/ (2*S)
327 ELSE
328 YIELD=R00T3*STEFF
329 END IF
330 C
331 C
332 C
333 CURYS-UNIAX+EPSTN(ICOUNT)*HARDS
334 C
335 BRING-1.0
336 IF(YIELD.GT.CÜRYS)BRING-CURYS/YIELD
337 C
338 DO 130 ISTR1=1,NSTR1
339 130 STRESS(ISTRl)=BRING*SGTOT(ISTRl)
340 EFFST(ICOUNT)=BRING*YIELD
341 C
342 C 90 CONTINUE
343 C
344 GO TO 190
345 C
346 60 DO 180 ISTR1=1,NSTR1
96
347: 180 STRESS(ISTRl)-STRESS(ISTRl)+DESIG(ISTRl)
348; EFFST(ICOUNT)-YIELD
349:C
350:C
351:C
352: 190 CONTINUE
353:C
354; TIMER-TIME
355: DTIMEP-DTIME
356:C
357:C
358:C
359:0
360:C
361: ICOUNT-ICOUNT+1
362: RETURN
363: END
364 : . .
365: PUT USERUMAT 
366:LIST
UMAT 16 define the option of the analysis ie Axisymmetric (OP=l)
or Plain strain (OP=2).
UMAT 20 define the type of failure surface ie (OP2=2) then it is
Paraboloidal, otherwise it is Von Mises.
UMAT 24 define the number of elements which behave in an elastic-
plastic manner (NELEM).
UMAT 28 - 66 identify whether the solution of the current step has 
converged, if it has then the value of the effective stresses
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(EFFST) and the array of elastic-plastic strains (EPSTN) 
must be stored in a back up arrays B1 and B2 respectively. 
If convergence has not taken place then the values of the 
effective stresses and elastic-plastic strains of the previous 
converged step must be recalled.
UMAT 69 - 107 Calculate the values of D matrix for plane strain analysis
UMAT 109 - 132 Calculate the values of D matrix for axisymmetric analysis
UMAT 138 - 149 Compute the stress increment (STRESS), assuming elastic
behaviour as
(fcrf = D de''
UMAT 152 Compute the yield stress for the (r-1) iteration as:
0-; + H
where cr ® (PREYS) is the initial yield stress, H (HARDS) 
is the hardening
parameter, and Ep^ .i (EPSTN) is the effective elasto-plastic 
strain.
UMAT 156 - 158 Store d(f. in DESIG and o' as SIGMA
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UMAT 162 - 173 Calculate the stress invariants as equation (3.35) and (3.36) 
in chapter 3.
UMAT 175 - 181 Evaluate the effective stress from able 3.1 and store as 
YIELD.
UMAT 185 - 186 Check if the Gauss point had yielded on the previous 
iteration, fig 5.1 [72].
UMAT 190 - 191 If the Gauss point was previously plastic, check to see if 
it has yielded during this iteration, fig 3.8 [72].
UMAT 195 For a Gauss point which yields during the iteration
calculate
where R = the factor which defines the portion of stress 
which must be modified to satisfy the yield criterion.
ô'e = the effective stress
Oy = tensile yield stress
UMAT 199 - 201 Check to see if a Gauss point which had previously yielded 
is unloading during this iteration if it has, then go to 60
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(where cf is computed as a"' + da') otherwise R is set 
to unity.
UMAT 203 - 204 Evaluate the number of steps into which the excess stress,
R do'e must be divided.
UMAT 205 Compute (1-R)
UMAT 207 - 209 Compute the portion of the total stress which satisfies the
yield criteria as:
and store in SGTOT and evaluate Rda^ / m and store in 
STRESS.
UMAT 213 Loop over each stress reduction step.
UMAT 217 - 228 Calculate the stress invariants.
UMAT 230 - 236 Evaluate the appropriate function depending on the yield
criterion being employed, the choice of yield criterion in 
governed by the parameter OP2.
UMAT 240 - 243 Evaluate a^  according to Appendix A.
UMAT 247 - 249 Evaluate a% according to Appendix A
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UMAT 253 - 257 Evaluate ag according to Appendix A
UMAT 161 Branch according to the yield criterion being employed..
UMAT 262 - 267 Compute Cj, Q  and Cg for the Paraboloidal yield criterion
according to table 3.1.
UMAT 269 - 272 Compute Cj, Q  and Cg for the Von Mises yield criterion
according to table 3.1.
UMAT 274 - 276 Evaluate a according to equation (3.61) in chapter 3.
UMAT 278 - 285 Evaluate d according to equation (3.50) in chapter 3.
UMAT 287 - 290 Compute 1 / (H + d  ^ a) for evaluation of the elastic-
plastic matrix Dep according to equation (3.55) in chapter 
3, if tangential stiffness method is to be used.
UMAT 292 - 296 Compute dX according to equation (3.51) in chapter 3,
and store as DLAMD.
UMAT 298 ■ 301 Compute:
o*'- = cr '-i + (l- i2 )r fcr ; + Rda-^/m - d k d l m
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when the summation process from 1 to m required in DO 
LOOP to index 90 is completed this will result in:
Q.r _ Q^r-l ^  — d \  d
UMAT 303 Compute the effective plastic strain
UMAT 306 Return to loop over the next stress reduction step.
UMAT 310 - 329 Compute the appropriate effective stress c,_
UMAT 333 Evaluate cr; + H
UMAT 335 - 339 Factor the stresses o ' to ensure that they lie on the yield 
surface.
UMAT 340 Store the effective stress o ' in array EFFST.
UMAT 344 Location of end of loop if further refinement is to be
included, fig 5.2 [72].
UMAT 346 - 348 For elastic Gauss points compute o ' as o'^ + do'^ and 
store o^in EFFST.
UMAT 354 Store the total load applied in parameter TIMEP.
UMAT 355
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Store the load increment in DTIMEP.
UMAT 361 Use ICOUNT to define the number of times this subroutine
has been entered.
UMAT 363 END
5.4 VALIDATION OF COMPUTER IMPLEMENTATION
The first check on the implementation of the Paraboloidal yield criterion was to test that 
the uniaxial tensile and compressive yield stresses were reproduced in single element tests. 
Following this a more complex problem was selected: the tubular joint modelled by thirteen 
8 noded axisymmetric elements shown in fig 5.3. In fact this very coarse mesh would not 
usually be considered adequate for the analysis of this problem. The point of this example 
is to allow a detailed examination of the numerical results produced by the different 
programs. Under the application of an axial load first yield takes place at integration point 
1 of element 6. Tables 5.1 and 5.2 show the stress components calculated at this point 
for load of 16 and 18 KN.
There is a good agreement between the results of the analysis using ABAQUS, ABAQUS- 
UMAT and PLANET, suggesting that the programming of the user subroutine and the 
technique of inserting it into ABAQUS were satisfactory.
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Table 5.1 Results of non-linear analysis using different 
packages. Load applied is 16 KN
Yield
Criterion
Maximum Stress  
N/mm^
Package
PUNNET ABAQUS ABAQUSUMAT
CO
$
5
c
Shear 3 8 .9 2 39 .0 39 .0
Peel 4 3 .4 7 4 3 .5 4 3 .5
Tens i le 31.31 3 1 .6 31 .7
Hoop 2 7 .1 7 2 7 .7 2 7 .8
COjgoo
CO
CÔCL
Shear 3 7 .1 3 - 37.1
Peel 40.51 - 40 .8
Tens i le 2 8 .4 4 - 28 .4
Hoop 2 4 .6 6 - 24 .8
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Table 5.2 Results of non-linear analysis using different 
packages. Load applied is 18 KN
Yield
Criterion
Maximum Stress  
N/mm^
Package
PLANET ABAQUS ABAQUSUMAT
Î
co>
Shear 39 .0 39 .0 39 .0
Peel 4 7 .5 4 7 .5 4 6 .4
Tens i le 3 5 .9 5 36.1 34 .9
Hoop 32.1 32 .3 31.1
CO
ooJDCO
COCL
Shear 3 6 .8 2 - 36 .9
Peel 4 1 .9 5 - 4 1 .6
T ens i le 2 9 .2 2 - 28 .9
Hoop 2 5 .6 7 - 25 .4
5.5 OBSERVATIONS
Subroutine "UMAT" has been successfully inserted in "ABAQUS". The only significant 
problem was coping with the automatic incrementation scheme, which exists in ABAQUS, 
and that was dealt with by introducing a backup arrays whereby the results needed for the 
next load increment were stored.
It is recommended to the reader to look at ref (72) for further information, especially in 
the area where the author used the same technique to adjust the final stress point cr'* to 
ensure that it lies on the yield surface, fig 5.2.
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CHAPTER 6
STRESSES IN TUBULAR JOINTS
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6.1 INTRODUCTION
Adhesive bonding is one of the methods available for joining units of structures consisting 
of thin-walled tubes. Typical joints are found in space structures where each member is 
joined at a node point by a lap joint; fig 6.1 illustrates a typical lap joint. In the 
experience of the author there has been less work undertaken in the stress analysis of lap 
joints between thin-walled tubes than there has been for lap joints between flat plates.
This chapter attempts to analyse an adhesively bonded tubular lap joint with the material 
properties of the adhesive obeying a non linear stress-strain law. The Finite Element 
package "ABAQUS-UMAT", described in the previous chapter, has been used for this 
analysis.
6.2 STRESSES IN TUBULAR JOINTS
As in the case of lap joints, the stress concentrations in tubular joints arise by the same 
three mechanisms, ie:
(i) differential straining
(ii) bending introduced by the non-collinearity of the overlapping tubes
(iii) end effects.
The system of axes used here is such that z represents the longitudinal direction, r  the 
radial direction, and 0 the hoop direction (see fig 6.2). Stresses in tubular joint, under 
axial loading, consist of:
(a) tensile stress in z direction will be referred to as the tensile stress.
(b) G„: tensile stress in r direction will be referred to as the peel stress.
(c) GqqI tensile stress in 0 direction will be referred to as the hoop stress.
(d) shear stress in z-r plane.
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The distribution of these stresses has been considered by Lubkin and Reissner [10]. The 
system considered is shown schematically in fig 6.3 in which T], the thickness of the 
adhesive layer, is exaggerated for clarity. In the Lubkin and Reissner’s theory the adhesive 
is treated as a thin elastic layer and much more flexible than the adherends.
The two cylindrical shells which are assumed to have radii a^ , a^  and thicknesses ti, t^ , as 
shown, are considered as being pulled apart by prescribed forces F in the direction of their 
common axis.
On the basis of the assumptions mentioned in section 2.3.2, the six equations of 
equilibrium are:
dT
^ ^ ~ d t  + ~ ^ (6 .1)
a 2 ^ ^ - a r = 0  (6.2)
dV^^^~dx -Vi + acr = 0 (6 .3 )
a 2 — N 2 — acr — 0 (6 .4 )
«2- ^  -  «2^2 + y a  fz'T = 0 (6.6)
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where Vi, Vj are the transverse shear-stress resultants, force per unit mid-circumference, 
Ml, Mi are the stress couples, moment per unit mid-circumference, Tj, T% are the tensile- 
stress resultants, force per unit mid-circumference, Ni, N% are the hoop stress resultants, 
force per unit of axial length, and a, x are the normal and shear stresses in the adhesive.
The coordinate x is measured in the direction shown in fig 6.3.
The corresponding stress-strain relations of thin-shell theory.
Af, = ( « = 1.2 ) (6.7)
Ti -  Vi N i =  Ei (É = 1.2) (6.8)
N i  — ViTi  = E i t i W i l a i  ( i  = 1.2) (6.9)
yield six more equations involving Wi, w^ , the transverse deflexions of the mid-surfaces of 
the adherends. In these equations
(6.10)
ie Di and are the plate moduli. The stress-strain relations in the adhesive 
are
cr W2 “  wi
Ea 7) (6.11)
(6.12)
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in which % are the axial deflexions of the mid-surfaces of the adherends. 
There are twelve boundary conditions. Six of these follow immediately from fig 6.3:
Ti = Vi = Mi 0 at % = ± c (J. = 1,2) (6 .13)
The three remaining conditions at x = -c can readily be shown to be:
Tx -  F Hirai (6.14)
wi = Vi/2 \ ÎD i  -  Mi/2XfZ>i -  ViFHirEiti  (6 .15)
^  = Vx/2\ÎDx -  Mx/XxDi
where Xi» = -  (6.16)o f  t {
Similar equations may be used at x = +c where Xj is replaced by-X  ^ (X2 is defined in the 
same way as XJ.
It is now a relatively straightforward matter to reduce the set of equations (1) to (12) to 
a tenth-order system of three linear ordinary differential equations with constant coefficients 
and with the appropriate number of boundary conditions. Ref [10] has given details of this 
reduction.
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In the calculations presented by Lubkin and Reissner [10] it is assumed that the adherend 
tubes have equal thicknesses and identical elastic moduli. The differential equations and 
boundary conditions cannot be simplified greatly in this case but the total number of 
independent parameters is considerably reduced to the five defined as follows:
Lubkin and Reissner present numerical results for the following values of these five 
parameters:
V is fixed at 0.3, E/G, is fixed at 8/3, 2C/t = 1, 2, 5, and 10, 8 = 4,20, and 
100, R = 0.1, 0.05, 0.025, and 0.01.
For each of these forty-eight cases Lubkin and Reissner have calculated the dimensionless 
quantities
T = ^ . N  = - ^  (6.18)' m • m
in which —  (6.19)4TT a c
is the mean shear stress in the adhesive; the results are presented in a table 
giving the distribution of T and N as functions of
Z = (6.20)
Il l
Lubkin and Reissner observe the following:
(a) Small overlap ratios correspond to low stress concentrations and virtually uniform 
distributions of stress along the joint.
(b) The largest shear stress T„,„ and the largest normal, stress invariably occur at z 
= 0 (ie at the loaded end of the inner adherend).
(c) The stresses T and N are nearly symmetrical about the centre of the joint.
(d) As B increases and the other parameters, given in equation (6.17), remain constant, the 
shear-stress does not peak so severely at the edge, and consequently the stress values tend 
to be uniform over the lap length. The peak values of the tensile stress are also reduced. 
B is a measure of flexibility of the adhesive layer compared to the adhered flexibility. 
Therefore, the above discussion means that the more flexible the adhesive layer is, the 
lower the stress-concentration level will be, and the more uniform the distribution of stress 
in the adhesive, see fig 6.4 [10].
The adhesive is in a state of combined stress, consisting of a shear stress t, and a normal 
stress a, and when the conventional rules for calculating the two principal stresses and the 
principal shear stress (ie NjT^ , & T^ ^x^ ) are applied, the values of:
Ni  — —N  + [(“ /^) + r^]
JV2 = i j v  -  [ ( j i v /  + (6.21)
and Ti 2 = l ( . j N )  (6.22)
can be found.
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Lubkin and Reissner [10] give maximum values of Ni and Ti% for the forty-eight cases 
considered. Some aspects of these values are illustrated in diagrams in the same reference. 
These diagrams have been reproduced in fig 6.5 - fig 6.6. Fig 6.5 shows the variation of 
the maximum value of the principal shear stress and the principal tensile stress with 2c/t 
for fixed values of the other four parameters; these curves confirm observations (a) above. 
Fig 6.6 and 6.7 show the variation of (NJ^^ and (Ti^L» with the relative tube thickness 
R; the parameter which is unique to the tubular configuration (see the Parameters in eq. 
6.17). It can be seen that, for large overlap (2c/t = 5,10) both (Ni)„,„ and (Tiz)max tend 
to decrease with increasing R, while for small overlaps (2c/t = 1,2), both quantities are 
approaching independence of the value of R. This variation can easily be understood on 
physical grounds. If the thickness t of the wall is kept constant, an increase of R 
corresponds to a decrease of the radius of curvature a and this makes the tubes stiffer in 
bending.
This results in an initial decrease in the principal stresses as R increases, because of the 
increase in the stiffness of both tubes. If the overlap is small, bending of the adherend 
is of secondary importance, so that the stresses are nearly independent of R.
Lubkin and Reissner derived the failure load F^  from equation (6.19). If the adhesive fails 
when the largest value of the principal shear is then:
Xo = Xm (TI2)max (6.23)
and substituting the value of from equation (6.19) into equation (6.23) the 
failure load becomes:
A = (6.24)12/max
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Similarly, if the adhesive fails when the largest value of the principal tensile stress is 
the corresponding failure load is:
A  = (6 .25 )l^ max
It should be remembered that these calculations are based on the classical theory of 
elasticity - in other words it is assumed that the adhesive is linearly elastic up to failure.
As was mentioned in Chapter 1 many researchers have applied finite element analysis to 
structural adhesive joints. Pickett and Hollaway [35] showed there was good agrément 
between the elastic analysis given by (FET) and that given by the above classical solution 
of Lubkin and Reissner, other workers [25, 34] have considered the non-linear stress/strain 
behaviour of the adhesive, however, to the author’s knowledge, the effects of the 
paraboloidal yield criterion on tubular joints have not been studied. In the following 
analysis a comparison between Von Mises Yield criterion and the paraboloidal yield 
criterion is shown. The comparison includes the effects of the hydrostatic stress component 
on the:
(a) Stress distribution in tubular joints.
(b) Strength of tubular joints.
6.3 NON LINEAR FINITE ELEMENT ANALYSIS ON TUBULAR JOINTS USING 
TWO DIFFERENT YIELD CRITERIA
A similar joint to the one analysed in Chapter 5 is analysed here. This joint, which was 
modelled by 13 eight noded axisymmetric elements, is shown in fig 5.3. However, the
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mesh is very coarse and is not adequate for the analysis of the current problem. Therefore, 
it was appropriate to study the effect of the mesh size before undertaking the stress 
analysis and the results of this study are discussed in section 6.3.1.
The stress distributions described below include details of the longitudinal and hoop stresses 
in the adhesive as well as the shear and peel stresses. These stress components are 
included because they all contribute to the commencement of the yield of the adhesive. 
Subsequent to the onset of yielding, the assumed yield criterion will influence the 
magnitude of these various stresses.
Yielding in the adhesive is initiated at points of stress concentrations at the ends of the 
joint and spreads throughout the adhesive as the load on the joint increases. When the 
adhesive yields throughout the length of the joint the failure load has been reached. The 
validity of this definition of joint failure depends on the ductility of the adhesive and the 
continuing integrity of the bond between the adhesive and adhered. An estimate of the 
failure load for a more brittle type of behaviour is obtained by considering failure to occur 
when the effective plastic strain (EPS) at any point in the adhesive reaches a limiting value 
of 0.025.
The elastic-perfectly plastic idealization of the uniaxial tensile stress-strain curve of the 
epoxy adhesive used in this work and obtained by Coppendale [86] is shown in fig 6.8. 
The value of S (the ratio of the compression yield stress to the tensile one) is assumed to 
be 1.25 - a value typical for many polymers (see Chapter 4). The resulting compression 
and shear stress-strain idealizations are also shown in figure 6.8. A summary of the 
adhesive properties is given in Table 6.1.
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Table 6.1 Elastic-Plastic Properties of the 
Adhesive and adherend Materials
Adherend
AC
A dhesive
AY103
Young's Modulus 7 0 .0 0 0N/mm^
3 0 0 0
N/mm^
Poisson's ratio 0 .3 2 0 .3 6
Uniaxial Tensile Yieic 
stress YT - 69 N/mrr?
Uniaxial com pressive  
yield stress YC - 86 N/mrrf
failure strain - 0 .0 2 5
6.3.1 The Effect of Mesh Size
In the displacement formulation of Finite Element Technique (FET) mesh refinement yields 
an increase in computed deflections and the stress values become more accurate. A non­
linear analysis based on the displacement method was undertaken on the tubular joint, 
which is shown in fig 5.1, but a different number of elements along the overlap in the 
axial direction was used, to those used in Chapter 5. The loading was divided into a 
number of increments. The total load applied within any increment is measured by a 
parameter called the load factor. This load factor is defined by
1 j  T? +  ^ Total load applied  w ith in  an increm ent load Factor = — _  ^ , .—-r------ ;—:-----Total load applied  in  the an alysis
the first estimate of the total load applied in the analysis is 20KN. The results are taken 
at load increment 5 at which point the Load Factor equals 0.9 ie at an applied load of 0
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.9 X 20 = 18KN. Yield had already commenced at this increment and therefore the results 
reflect the effects of mesh refinement on the maximum values of the stresses in the plastic 
region.
Five different meshes were investigated, the least number of elements in a mesh was 12 
and this number was increased by 2 for each mesh size up to the fifth mesh which had 
192 elements. Table 6.2 shows the results of the maximum values of the shear and peel 
stresses and the maximum values of effective plastic strain in the adhesive layer close to 
the loaded edge of the adherend (see element 6 Gauss point 1 in fig 5.1) for the two yield 
criteria.
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Table 6.2 Results of maximum values of shear and peel stresses in addition to 
elasto-plastic strain at different mesh size
NE 12 24 48 96 192
Stress^^^Z 1 2 3 4 5
s(/)2c
Max
shear 38.6 38.1 37.4 35.7 34.45
Max
peel
65.7 75.8 90.8 114.4 127.13
Max
E.P.S 12.7 14.5 18.5 19.72 19.06
"cB3oo.o2csCL
Max
shear 34.3 33.3 30.8 26.4 23.49
Max
peel
52.7 56.7 65.6 79.63 87.63
Max
E.P.S
19.3 22.3 26.6 30.75 30.18
The values from Table 6.2 are plotted in fig 6.9 - 6.11. Fig 6.9 shows that the maximum 
shear stress calculated using the Paraboloidal yield criterion is more sensitive to the mesh 
size than when calculated using the Von Mises yield criterion. Whilst fig 6.10 shows that 
for both criteria, further refinement of the element number beyond mesh 4 to improve the 
accuracy of the peel stress value was not necessary. Fig 6.11 shows that if failure of 
joints is based on limiting the strain then mesh three is sufficiently accurate to predict 
failure under the Von Mises yield criterion but a greater refinement is needed under the 
paraboloidal yield criterion. To compromise between cost and accuracy the decision was 
made to use mesh three for the following analysis.
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6.3.2 Stress Distribution in Tubular Joints resulting from Elastic-Perfectly Plastic 
Analysis
Fig 6.12 to 6.15 show the stress distribution in the tubular joint as yielding progresses, 
under load increment one to fifteen for both yield criteria. The elastic shear stress 
solution, at increment one (fig 6.12), shows the classical shear lag distribution with the 
maximum stresses near the ends of the overlap region. As yielding of the adhesive
progresses under Von Mises yield criterion, fig 6.12(a), these stresses are limited to a
constant value of 40 N/mm2 which represent the shear yield stress, xp, given by xp = o/Vs 
where ay is the uniaxial yield stress.
Fig 6.12(b) shows the effects of plastic yielding under the Paraboloidal yield criterion
condition, on the shear stress distribution. It can be seen that the shear yield stress is no 
longer a constant value throughout the plastic region but increases as the distance increases 
from the two free ends towards the middle of the overlap.
The direct stresses generated in the adhesive as a result of the eccentricity of the loading 
of the joint are shown in fig 6.13 to 6.15. At increment one, the transverse tensile 
stresses, a„, in the radial direction are the most significant ones as their maximum values 
near the loaded edge of the adherend have the greatest values.
These stresses are often referred to as cleavage or peel stresses, or sometimes as "tearing" 
stresses since they act to tear the joint apart. The direct stresses, and Gqq, are of 
similar magnitude near the edges. The slight differences between the peel, hoop and 
tensile stress values, shown in the linear solution, are maintained throughout the non-linear
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analysis as plastic flow is assumed to spread under the Paraboloidal yield, criterion. On 
the other hand, these differences are not so great as yield spreads under the Von Mises 
yield criterion.
All direct stresses show a significant reduction in their peak values when the analysis uses 
the Paraboloidal yield criterion.
Fig 6.13 to 6.15 show that as the applied load increases under the Paraboloidal yield 
criterion condition, the tensile and hoop stresses increase and then decrease, while the peel 
stress increases continually.
The elastic-perfectly plastic idealizations shown in fig 6.8 are reflected in the output of the 
current analysis. Fig 6.16 to 6.19 show the plots of the maximum values of the stresses 
against the applied load. In fig 6.16 the plot of the shear stress in the case of Von Mises 
analysis reflects the idealised shear stress-strain curve shown in fig 6.8 while in fig 6.17 
to 6.19 the plots of the direct stresses for the Paraboloidal yield analysis reflect the 
idealised tensile stress-strain curve.
In Von Mises criterion (see equation 3.37 in Chapter 3) the yield depends upon J^ . 
However, in the analysis of lap joints the value of is equivalent to the interface shear 
stress X (this is because after yielding o„, Gqq and G^ nearly become equal). Therefore, 
the yield condition in equation 3.37 become;
T ^ K = constant (6.26)
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The Paraboloidal yield criterion is obtained by modifying an expression for the yield of 
polymers (see paragraph 3.11.5 in Chapter 3). This expression is shown in equation 3.39 
and it can be written as
/2 + A 7i = B (6.27)
where A, B are constants.
The results of the current analyses show that the value of is equivalent to the interface 
shear stress x. Therefore, equation 6.27 becomes:
T + A  = B  (6.28)
This use of Paraboloidal yield criterion results in a shear yield stress that no longer tends 
to a constant value but relies on the value of Jj. If this value is relatively high then the 
shear yield stress will be relatively low and vice versa - this explains the differences in 
shear stress distribution between fig 6.12(a) and (b), and to some extent the reduction in 
shear yield stress as the load is increased in fig 6.16 and 6.9.
It was mentioned in Chapter 3 part II that as the yield progresses the stress point in the 
principal space is restricted to move on the yield surface and any excessive stresses outside 
this yield surface have to be eliminated by a redistribution process. The Von Mises yield 
surface, shown in fig 3.6(a) allows the stress point to move freely on the cylinder in all 
direction and because of this no absolute limitations are imposed on the direct stresses. 
However, stress values are limited, in the case of the Paraboloidal yield criterion analysis, 
to the apex of the parabola yield surface, which is shown in fig 3.6(b). Therefore, the 
maximum direct stresses in fig 6.17 to 6.19 were limited to a particular value.
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6.4 THE STRENGTH OF TUBULAR JOINTS
The strength of the joint is measured by the load it can withstand before failure occurs. 
This load is determined experimentally by loading the joint to failure. However, to define 
this failure load theoretically a knowledge of the stress distribution and an understanding 
of the failure modes of joints is required.
Two approaches are adopted in the current work to predict failure loads - one is to assume 
that failure occurs due to a crack propagation along the interface prior to gross plastic 
yielding and the second is to define the failure load as that which cause the whole 
adhesive interface layer to yield ie no debonding occurs before plastic flow completely 
spreads. The first approach was based on previous work by Adams and Peppiat [30] in 
which it was considered justifiable to take the load at which the first major crack appeared 
as a measure of the strength of the joint. It was assumed that this crack occurred 
theoretically, when the highest strain near the loaded edge reaches the value of the failure 
strain of the adhesive. It should be remembered that the strain at failure of an adhesive 
in the highly stressed region of a lap joint will not necessarily be equal to the strain at 
failure of a bulk specimen subjected to a uniaxial tensile stress. However, in the absence 
of further information the value of the strain at failure 0.025 (see fig 6.8) should give a 
reasonable estimation of failure.
Fig 6.20 shows the plots of the maximum (EPS) values against the applied loads in the 
tubular joint analysed above. These plots show that the failure load (a value of 19KN) 
predicted by Paraboloidal yield criterion is lower than that obtained by Von Mises yield 
criterion (a value of 21KN). This is because in the highly stressed region the Paraboloidal 
yield criterion predicts the yield to commence at an earlier stage that that of Von Mises
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yield criterion and as the load increases the accumulative plastic strain will reach a higher 
value than that given by Von Mises. This, however, does not happen in other regions of 
the joints, and if the yield is allowed to spread further along the overlap different results 
are obtained. This is discussed in section 6.4.2.
6.4.1 The Effect of Overlap Length
Hart Smith [12] has conducted an extensive examination of the effect of adhesive plasticity 
and has shown that, for the single lap joint, the load that the joint can withstand increases 
as the overlap length, L, increases. This situation will continue up to a limiting overlap 
length beyond which no further strength is gained, see fig 6.21 [12] where the joint 
strength is initially proportional to the short overlap, as at A. Then, as the overlap is 
increased still further, the strength increases only very slightly as the elastic trough is 
developing, at B. Finally, no matter how much longer the overlap is made, as at C, the 
joint strength remains constant and so does the maximum adhesive stress and strain. Adam 
and Coppendale [30] show the same observations in double lap joints where the predicted 
strengths were independent of the overlap length when this was greater than approximately 
15 mm, see fig 6.22 [30].
The accuracy of the maximum stresses in the critical regions was shown in section 6.3.1 
to be affected by the coarseness of the finite element mesh. However, provided that 
elements of similar size are used in the critical regions of the meshes for different joint 
geometries, satisfactory comparative results should be obtained.
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Fig 6,25 shows the predicted strength of tubular joints, under both yield criteria, having 
an adhesive thickness of 0.1 mm and overlap lengths varying between 12 mm and 48 mm. 
Failure was assumed to occur when the (EPS) at the highly stressed region was equal to 
the failure strain of the adhesive ie (0.025), see fig 6.23 and 6.24. The shape of the 
curves is similar to those obtained, on different types of joints, by previous workers, see 
fig 6.21 and 6.22, the predicted strength increases with overlap length up to 25 mm and 
then remains constant. This is because most of the load is being transferred by the 
adhesive near the ends of the overlap. Kohen [88] showed experimentally that, if a 
particular adhesive was applied for only 25% of the overlap length at each end of a 25.4 
mm long tubular joint, the failure load was reduced by only 17%.
Although both yield criteria predicted an increase in strength with overlap length the 
Paraboloidal yield criterion prediction was always less that that predicted by Von Mises 
criterion.
6.4.2 The Effect of Adhesive Thickness
Generally, the adhesive is weaker and has a lower modulus than the substrate. In tubular 
joints it is found that, with decreasing adhesive layer thickness, the ultimate tensile strength 
of the joint increases. Recent work by Miller [89] shows that the measured tensile failure 
loads of tube-and-socket joints to be dependent on bondline thickness and adhesive 
ductility. Tubular joints with thin bondline develop higher tensile failure loads than joints 
with thick bondlines. The findings of this work are shown in fig 6.26, where the data for 
the ductile BRI00 adhesive, given in fig 6.26(a), show the failure loads increasing with 
overlap lengths. At shorter overlap lengths, specimens with thick bondline fail at lower 
loads than specimens with thin bondlines. The data for the brittle cybond 115 adhesive.
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shown in fig 6.26(b), indicate that, while failure load increases with overlap, the detrimental 
effect of thick bondlines is more pronounced than for BRI00. At this point it is 
worthwhile to mention that this relationship between adhesive layer thickness and measured 
strength is by no means general. Fig 6.27[90] shows that the measured strength for the 
Peel Tests increases with the thickness of the adhesive layer, while it decreases for lap 
joints. Bryant and Dukes [91] have reported in accordance with other workers [92, 93] 
that the fracture stress (see equation 2.21 in Chapter 2) increased as the thickness of the 
adhesive layer decreased as shown in fig 6.28 [94].
Results of a linear Finite Element Analysis on the same tubular joint discussed in section 
6.3 and with an applied load of lOKN, are shown in fig 6.29-6.33, the overlap length is 
fixed at 12 mm while the adhesive thickness is varied between 0.1 and 1.0 mm. These 
results are in good agreement with the observations of Lubkin and Reissner shown 
previously (see section 6.2 and fig 6.4), the parameter 6 in the solution reflects the 
comparative flexibility of the adhesive layer and it was shown that the more flexible the 
adhesive layer is the lower the stress concentration level will be and by increasing 6 , or 
the adhesive layer thickness, the shear stress distribution tends to become uniform while 
the direct stresses reduce in value. This is seen by the finite element results in fig 6.29- 
6.33, to be true. However, both the linear finite element and the Lubkin and Reissner 
analyses fail to assess the effect of adhesive thickness on the strength of tubular joints.
The shear stress distribution obtained by increasing the adhesive thickness approaches 
uniformity and the reduction in direct stresses predicts the thicker joint to be stronger in 
contrast with the experimental results shown in fig 6.26.
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Both analyses assume elastic material properties it is therefore possible that this assumption 
gives rise to the anomaly between joint strength and adhesive thickness, at least for the 
results of ductile adhesives shown in fig 6.26(a). The tubular joint has been analysed by 
modelling adhesive plasticity using both the Von Mises and the Paraboloidal yield criteria. 
The strength of the joint was estimated by limiting the (EPS) value to the adhesive failure 
strain (0.025). The strength predictions for various adhesive thicknesses were obtained and 
are shown in fig 6.34 - 6.36, which suggest that the thicker joints are predicted to be 
stronger.
This discrepancy between the theoretical analysis and the experimental results has been 
reported for other types of adhesive joints. Adam [24] shows in fig 6.37 that the 
theoretical analysis of single lap joints predict the breaking load to increase as the value 
of adhesive thickness, h, increases. However, the experimental results for the joints, in 
accord with other work [93] show that the actual fracture load does not increase with 
increasing, h, and may even decrease slightly. Other work by Adam [30] on double lap 
joints, fig 6.38, show that the non-linear analysis predicts the same increase of strength 
with adhesive thickness that was obtained with the linear elastic analysis, however, the 
experimental results on both ductile and brittle adhesives show the adhesive thickness to 
have little effects on the joint strength.
Further improvements in the stress analysis techniques for accurate prediction of failure 
load were proposed by Crocombe [33] who showed that the spread of yield along the 
interface layer could predict more reliable lap joint strengths. However, detailed 
examination of the redistribution of the stresses along the interface, as the yield progressed, 
were not provided in the reference.
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Two different sets of nonlinear analysis are presented in the current discussion, each with 
different yield criteria. The Von Mises and Paraboloidal yield criteria are given in fig 6.39 
- 6.44 and fig 6.45 - 6.51 respectively. The sets of figures show the yield spread in the 
thick (0.5 mm) and in the thin (0.1 mm) joint at various loads. In these figures the 
incremented loads are the same as those in fig 6.12.
As the elastic analysis suggests, yielding in the first criterion occurred at a lower load in 
the thinner joint. The initial yield occurs at the edge close to the loaded side of the 
adherend as is the case with the thick joint. It is interesting to notice that in fig 6.42(b) 
the yield spread in the thick joint takes place along the unloaded adherend face as a thin 
strip. This feature does not occur in the second criterion mentioned above, therefore is is 
concluded that this is due to the choice of the yield criteria. Subsequent figures show that 
yielding in the thicker joint is rapidly approaching that in the thinner one and in fig 6.43(c) 
it can be seen that the whole overlap layer although not as a uniform thickness has yielded 
in the thicker joint at a load of 38.4KN whilst in the thinner joint complete yielding has 
not taken place; this latter yielding did not occur until a load of 38.6KN had been reached 
which is slightly lower than thicker joint. This latter joint yield over its entire thickness 
at a load of 38.8KN, see fig 6.44(a) and (b). The reason for this rapid spread of yielding 
in the thicker joint lies in the elastic analysis considered earlier, fig 6.29 - 6.33; these show 
that the level of stress in a thicker joint is lower and spreads more uniformly than in a
thinner joint. Thus, when yielding does occur there is less "elastic reserve" to sustain
*further loading and thus yielding spreads more rapidly.
Results from the Paraboloidal yield criterion (fig 6.45 - 6.51) show that the initial yield 
started close to the loaded side of the adherend and at a lower load level in the thinner
* an observation which suggests that the thinner joint is 
stronger than the thicker one.
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joint. It is noticed that in both joints the yield spreads more rapidly, at the early stages, 
than is the case in the Von Mises yield criterion. However, as the load is increased the 
spread of yield decreases. For instance, in the thinner joint it is observed that at a load 
22KN (see fig 6.46(c)), the yield path along the overlap spreads a distance, d, from the 
loaded edge of the adherend. This distance is equal to that at the same load increment in 
the Von Mises criterion (see fig 6.40(b)).
The explanation for the different rate of spread of yield may be found by examining the 
shear yield surface caused by both yield criteria; these surfaces have been superimposed 
on one another and this superimposition is shown in fig 6.52, where it will be seen that 
both surfaces intersect at point. A, at a distance, d, from the edge. This distance is equal
0.8mm and is consistent with the yield spread shown in fig 6.46(c) and 6.40(b). This 
intersection point divides the shear surface along the overlap region into two zones; one 
where the Paraboloidal yield criterion induces yield at a lower shear stress and, therefore, 
when further load is applied the spread of yield is quicker than the Von Mises criterion. 
The second zone is where the increase in load will cause a more rapid yield to occur in 
the Von Mises criterion than in the Paraboloidal criterion.
Once again it can be seen that yielding in Paraboloidal criterion spreads more quickly in 
the thicker joint and that the overlap region for the thicker joint has completely yielded at 
a load of 42.2KN (see fig 6.50(b)), while a substantial portion of unyielded adhesive is still 
maintained in the thinner joint. Most importantly the whole layer of adhesive is yielded 
in the thicker joint at a load of 42.4KN, fig 6.50(c), whilst complete yielding occur in the 
thinner joint at a slightly higher load, 42.6 KN (see fig 6.51), in contrast to the results 
from the Von Mises set of analysis.
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It has been demonstrated in Paraboloidal yield criterion analysis in section 6.3.2 that the 
variation in the shear yield stress distribution, fig 6.12(b), is caused by the direct stresses 
and that the tensile and hoop stress values increase to a certain value of the external load 
and then decrease. To amplify on these observations, plots of combined shear and direct 
stresses, for the analysis shown in section 6.3.2, are presented in fig 6.53 - 6.68. Fig 
6.53 and 6.54 show the interface shear stress, x, and the principal stresses distribution, 
resulted from the Von Mises analysis, combined on top of each other. At any distance 
along the overlap length the value of the interface shear stress is equal to the difference 
between the two principal stresses divided by two, this was also observed in fig 6.61 and 
6.62 where the same stresses were plotted as a result of Paraboloidal yield criterion 
analysis. This observation confirms that the interface shear stress, x, in lap joints is equal 
to the principal shear stress of the system. The dotted lines in the above figures divide 
between the plastic region and the elastic one.
Fig 6.55 - 6.56, fig 6.57 - 6.58 and fig 6.59 - 6.60 represent the combined shear and Peel, 
shear and tensile and shear and hoop respectively. These stresses are the results of the 
Von Mises analysis. In the same order the results of the Paraboloidal yield criterion are 
shown in fig 6.63 - 6.64, fig 6.65 - 6.66 and fig 6.67 - 6.68. The combined shear and 
peel stresses in fig 6.55 and 6.56 show that as the load increases the peel stress values 
along the overlap increase in both positive and negative direction, and no effect of yield 
is observed over these values. The same observations, to some extent, occur under 
Paraboloidal yield criterion analysis in fig 6.63 and 6.64, however, at Load Increment 14 
it was possible to define the yield region by examining the peel stress distribution as well 
as the shear, see the dotted lines in fig 6.64(a).
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An interesting effect of yield on the tensile stress distribution is shown when the 
Paraboloidal yield criterion is used, fig 6.65 and 6.66 demonstrate the combined shear and 
tensile stress distribution. As the yields spreads in both zones defined in fig 6.52 and 
passes through the transition point A from Zone I to Zone II at load Increment 7 (see fig 
6.40(b) or fig 6.46(c), it is observed that the tensile stress values increase as the yield 
spread in Zone 1, however, once the yield passes the transition point at load Increment 7 
these values start to decrease (see fig 6.66(a)), and a clear division between plastic and 
elastic region is shown by the tensile stress distribution as well as the shear in the 
subsequent load Increments, see for example the dotted lines in fig 6.66(b). No such effect 
of yield over the tensile stress distribution is observed in the Von Mises analysis, see fig 
6.57 and 6.58 where the tensile stresses increase in value as the yield spread in both zones 
and defining the yield region by examining the tensile stress distribution is not possible.
A very close observations to that in tensile are shown when the shear and hoop stresses 
are combined on top of each other, either under Von Mises analysis, fig 6.59-6.60, or 
under Paraboloidal yield criterion analysis, fig 6.67-fig 6.68, where again the decrease of 
hoop stress values occurred after load Increment 7, fig 6.68(a), a clear division between 
the plastic region and the elastic one is observed by the hoop stress distribution in the 
subsequent increments, and none of this behaviour occurs in the Von Mises analysis, fig 
6.59 and 6.60.
The above discussion shows that the reduction in the values of tensile and hoop stresses 
observed in fig 6.12(b) is limited only to Zone n  ie this reduction only occurs when the 
yield spreads beyond the intersection or the transition point A (see fig 6.52). The cause 
of this reduction in these values is not clear but the above analysis suggests that this
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reduction occurs when the interface shear yield stress exceeds in value the shear yields 
stress in a pure shear test ie when x > x^ . However, the effect of this reduction is to 
strain harden the shear yield surface (see fig 6.12(b)), and that may contribute to the 
reduction in the speed of which the yield spreads under Paraboloidal yield criterion.
Finally, more detailed plots of combined stresses are shown in Appendix B.
6.5 OBSERVATIONS
The results of the linear finite element analysis are in good agreement with the 
observations of Lubkin and Reissner.
The effect of the Paraboloidal yield criterion in tubular joints nonlinear analysis is as 
follows:
or shear stress at yield.
1. The shear yield stressais no longer a constant value but varies along the overlap.
2. The direct stresses near the loaded edge of the adherend are smaller than those of the 
Von Mises analysis and are limited to a value.
3. An "unloading phenomenon" occurs in the values of tensile and hoop stress as the yield 
spreads in Zone U (see fig 6.52) of the shear yield surface.
4. If the stress analysis is limited to Zone 1 then the elasto-plastic analysis based on 
Paraboloidal yield criterion will predict the joint to be weaker, than that based on Von 
Mises analysis, regardless of the geometry of the joint.
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5. A failure criterion based on the yield completely spreading along the interface shows
*for the first time that the thinner tubular joint is stronger. However, the effect of the 
adhesive thickness over the value of the failure load was shown by this method to be 
negligible.
I
More work is needed to predict successfully the failure load of the tubular joints when the 
adhesive is brittle and it’s thickness is varied.
I- Further research is required to establish the relationship between the condition of x > Xp
and the reduction in direct stresses along the overlap.
* Refer to fig 6.43 (c) and 6.50 (b) where the thicker joint has 
completely yielded along the overlap length whilst the thinner 
joint has preserved an unyielded area which can sustain further 
loading.
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CHAPTER 7
OPTIMISATION OF ADHESIVE BONDED 
COMPOSITE TUBULAR SECTIONS
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7.1 INTRODUCTION
Double layer skeletal structures may now be manufactured from fibre/matrix pultruded 
tubes as there are a number of techniques available for jointing members together at nodal 
joints. To form these joints, end caps would normally be bonded to the tube members and 
the forces in the members would then be transferred through the caps to the nodal joint 
by suitably manufactured plates or nodal joints.
The author’s department developed an end cap manufactured by an injection moulded 
process using short fibre/polymer matrix composites, which may be used to join pultruded 
tubes together or which can be used to form nodal joints in skeletal systems. A thread 
allows the bond between the node cap and pultruded tubes to be developed partly by shear 
between the adherend and adhesive and partly by the compressive strength of the adhesive.
This chapter describes this joint and its stress analysis undertaken by the finite element 
technique. An elastic and an elasto-plastic axisymmetric analysis are performed on this 
joint. The results are compared with those for a cap with no threads incorporated in it. 
Experimental tests to determine the ultimate load of the joint between the pultrusion 
composite and the developed end cap composite are compared with the analytical failure 
load.
7.2 REVIEW OF BONDED SKELETAL SYSTEMS
The main difficulty in the manufacture of GRP space frames is in the jointing of members; 
there are three options open to the designer. These are to form:
(a) a bolted joint;
(b) a bonded joint;
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(c) a combination of a bolted and bonded joint.
The method of bolting space frame members together, which are made from pultruded 
fibre/matrix composites with essentially unidirectionally aligned fibres in the polymer, is 
not advisable. Members under tensile forces would fail at the joint by shearing through 
material in front of the bolt; a bonded joint is therefore desirable. Steel [95] has shown 
that bonded joints are generally structurally more efficient on a weight basis than are 
mechanical joints when constructing prototype space frames using pultruded carbon fibre 
reinforced plastic (CFRP) tubes. Hollaway and Ishakian [96] reached a similar conclusion 
when jointing CFRP rods.
Various end grip configurations for axial loading of rods and tubes made from composites 
have been proposed in refs 95 and 97; in the latter one, experimental results have been 
supported by an analytical finite element study.
One area in which pultrusion composites require to be connected is in plane and space 
structures, and for fibre reinforced thermosetting polymers a convenient method of jointing 
is to use some form of end cap on the member in conjunction with a nodal plate to 
connect the cap.
Currently there are two convenient end cap systems that will transmit load from member 
to member. These are:
(a) The crimped and bonded aluminium end cap fitting;
(b) the fibre reinforced polymer matrix composite end cap.
The first system has been described in ref 98 and 99 and consists of fitting an aluminium 
tube over the pultruded tube member, having first applied the outside surface of the latter 
with a bonding agent. Figure 7.1 shows a crimped and bonded aluminium end fitting to
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a 25 mm diameter pultruded tube. To form the joint the aluminium sleeve could be 
threaded and screwed into an appropriate joint or the aluminium tube could be extended 
beyond the end of the pultruded tube, flattened and a pin joint connector, through the 
aluminium, could make the joint. A stress analysis has been undertaken on this joint and 
has been described in refs 91 and 92.
There are drawbacks, however, to the use of the crimp bonded aluminium end fitting. 
These are:
(a) A complete aluminium space frame might be more acceptable if aluminium is to be 
used as a component part of the structure.
(b) The space frame could not be used in a corrosive environment.
The second system will be described in this chapter.
7.3 THE END CAP
The members which are to be joined by the composite end caps were manufactured from 
25 mm diameter pultruded GRP tubes of 2 mm wall thickness; they have a glass 
filled/polyester resin ratio by weight of approximately 60/40. The end caps used in the 
investigation were manufactured from injection moulded glass filled nylon 66; the 
fibre/matrix ratio by weight was 50%. The glass filled nylon has the advantage of low 
cost but has the disadvantage of high creep characteristics when under load and degrades 
steadily in normal atmospheric conditions.
The end cap, shown in fig 7.2(a), consists of an inner core and outer sleeve which are 
joined at the base. The outer surface of the inner core and the inner surface of the outer 
sleeve have a thread moulded into them. Onto the outside surface of the outer sleeve, five
136
pairs of tapered ribs are moulded which will mate with slots in the connecting plate when 
the joint is assembled. The end cap is made in a simple injection moulding operation. 
A cross-section of the cap is shown in fig 7.2(b).
To form the bond between the tube and end cap a measured quantity of epoxy adhesive 
is injected into the space between the inner core and outer sleeve, known as the annulus 
of the cap; the tube is pushed into the space until it reaches the cap’s base. This forces 
the adhesive to flow around the threads on either side of the tube and to surface at the top 
of the cap; it then polymerises. Clearly the threads are an essential part of the design of 
the cap as they control the glue line thickness and ensure quality control. The adhesive 
runs into the threads and forms a chemical bond with the pultruded GRP but forms a 
mechanical bond with the nylon.
7.3.1 End use for end cap
Probably the main reason why skeletal systems in fibre/matrix composites have made little 
impact in the structural engineering field is the difficulty of jointing the component parts 
of the structure, particularly as the members meet in three dimensions. It is felt that a 
convenient way of jointing these types of structures is to use a system of end caps on 
each end of the member and to make the nodal joint of the skeletal structure via 
connecting plates. A detail of a nodal joint plate is shown in fig 1.1 in which the plates 
are injection moulded from glass filled Nylon 66. These joints would only be suitable for 
internal structures not exposed to the elements. For external systems it may be preferable 
to use other fibre filled polymer systems because of the possibility of degradation as a 
result of ultraviolet light and because of the adverse creep characteristics of Nylon 66 when 
the structure is loaded.
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This chapter discusses the results of an analytical technique which permits yielding of an 
adhesive joint and enables the unique end cap, discussed in the previous section, to be 
studied. The analysis is undertaken by a non-linear elasto-plastic finite element theory in 
which the adhesive is idealised to an elastic perfectly plastic material, see fig 6.8.
7.4 ELASTIC AND ELASTO-PERFECT PLASTIC ANALYSIS
Two stress analyses were undertaken on the joint; these were an elastic and an elasto- 
perfect plastic method.
In the elasto-perfect plastic method two yielding criteria were compared - these were:
(a) the Von Mises Yield Criterion
(b) the Paraboloidal Yield Criterion.
7.5 ELASTIC ANALYSIS
The elastic stress analyses were undertaken by the finite element method and assumed a
linear material stress/strain and geometric load/deflection behaviour. This implies that no
*yielding occurs and that the joint deflections are neglected. These assumptions, of course, 
are not valid if a prediction of ultimate joint strength is required. However, the linear 
analyses are useful if the magnitude and position of stress concentrations before yielding 
are required. The analytical results, in this section, provide solutions to two different 
problems. These are:
(a) The tubular single lap joint in which the inside surfaces of the cap are smooth and the 
load is applied at distinct points along the external circumference at the end cap; this case 
will be called case 1, and is shown in fig 7.3.
* small displacement theory.
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(b) The tubular single lap joint in which threads are moulded into the inside surfaces of 
the cap as shown in fig 7.4. Here the load is applied at five distinct points along the 
external circumference of the cap and this example will be known as case 2. Fig 7.5 
shows the dimensions of the threads.
The finite element mesh used in the various cases is shown in fig 7.6.
7.5.1 The Tubular Single Lap .Toint
Eight separate loading cases are given in this analysis and these are discussed individually; 
fig 7.7 shows the loading arrangements for these cases. The adhesive and the end cap 
adherend thicknesses are 0.1 and 3 mm respectively. In all the analysis, four stress 
components are considered. These are:
(i) the adhesive interface shear stress,
(ii) the peel stress,
(iii) the longitudinal tensile stress,
(iv) the adhesive interface hoop stress.
The elastic and the assumed elastic-perfectly plastic adhesive and the g.r.p. pultrusion and 
end cap adherend properties are given in tables 7.1 and 7.2 respectively.
Table 7.1 Elastic Properties of Adherend Materials
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Adherend Material
Mechanical Properties
E ( N / mrrf ) Poissons Ratio
Pultruded Tube (grp) 2 4 0 0 0 0.28
End Cap (glass filled 
nylon)
8 0 0 0 0.28
Table 7.2 Elastic-Plastic Properties of the Adhesive and 
Adherend Materials
Adherend Adherend Adherend
Mechanical Properties Pultruded Tube g lass  reinforced 
p o ly e s te r
End Gap(GI 
a ss  Filled 
Nylon)
Epoxy 
AY 103
Modulus of Elasticity 24 GN / 8 GN / m 3 GN/rr?
Poisson's ratio 0.28 0.28 Q.36
Uniaxial tensile  
yield stress YT - - 69 MN/nr?
Uniaxial com pressive  
yield stress YC - - 86 MN/m^
Failure Strain percent - - 0 .025
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Figs 7.8 and 7.9 show the above four stress components when the application of the load 
is firstly at one and then at the other extreme end position of the cap. It will be seen that 
when the load is applied away from the free end of the cap there is a large stress value 
associated with all stress components. It will also be noticed that there is a potentially 
serious tensile stress developed at the free end of the joint when the load is applied in this 
position. It should be remembered that these two cases are theoretical and that in practice 
it would be difficult to apply a load at the position considered.
Figs 7.10, 7.11, 7.12 and 7.13 show the four stress components when the load is applied 
separately and then simultaneously to the five ribs of the end cap.
An important observation regarding the design and operation of a structural adhesively- 
bonded joint is that the load transfer is not uniform and must not be so. The importance 
of the variation in adhesive stresses is that the bonded joint will be able to survive a few 
cyclic loads or more than a few minutes of a high sustained load. A joint with constant 
stress distribution throughout the overlap would fail rapidly as all the stresses along the 
overlap distance would reach their limiting value at the same load increment; a variation 
in stresses along the overlap length means that some stresses would reach the limiting 
value before others thus allowing some stress redistribution. By studying figs 7.10, 7.11, 
7.12 and 7.13 a clear understanding of the stress components for the simultaneous loading 
of the ribs can be built up from the stresses developed by the separate loading of the ribs.
Figs 7.14 - 7.17 show the four stress components for the end cap manufactured with 
threads moulded into the internal surface of the outside sleeve. It will be seen that the 
threads cause more variation in the various stress distributions along the overlap length than
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occurred with the former end cap. However, a comparison between the two different 
connections indicates that the peak values of the shear, the peel, the hoop and the 
longitudinal tensile stress distributions have not been affected by introducing the threads.
7.6 ELASTIC - PERFECTLY PLASTIC ANALYSIS
The elastic-perfectly plastic analyses were undertaken by the finite element method and the 
Von Mises yield criterion and the Paraboloidal yield criterion were used and compared.
The analytical results presented in this section are for the threaded single lap joint referred 
to in the previous section as case 2 (fig 7.4). A discussion of the Von Mises yield 
criterion will be followed by a discussion of the Paraboloidal yield criterion.
7.6.1 The Tubular Single Lap .Toint (Case 2)
(a) Von Mises Yield Criterion
The total assumed load applied to the end cap is 25,000 N and this value is divided into 
five equal parts each one fifth being taken by the separate ribs. The total joint load was 
applied in increments and was measured by a load factor parameter defined as:
load Factor = load applied  w ith in  an increm ent
Total load applied  in  the an a lysis
Figs 7.18 - 7.22 show the various stress distributions in the end cap as plastic yielding of 
the adhesive progresses. THe yield spread in these figures obeys Von Mises criterion. 
Figs 7.18 - 7.19 represent the shear stress distribution at different load increments. At the 
first load increment the adhesive layer is still elastic. The dotted lines in fig 7.18(a) show 
that the local peaks of the stress distribution occur at points associated with the tip of the
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thread at position A shown in fig 7.5. At a load factor 1.0 local yield commences at the 
free end of the cap and gradually progresses towards the other end as the load factor is 
increased. Fig 7.18(b) and 7.19(a) show that the areas of greatest stress lie between the 
ribs and at the tips of the threads at the local tensile zone. These local maximum stresses 
reach the yield surface a-a and eventually all stress values in the adhesive will yield. Fig 
7.20, 7.21 and 7.22 show the peel and tensile stresses in the adhesive but there is no 
evidence of yielding in tension, the stresses merely increase with increase in load factor.
(b) Paraboloidal Yield Criterion
A similar analysis on the end cap joint was undertaken using the Paraboloidal yield 
criterion and the results are given in figs 7.23 - 7.27. To appreciate the significance of 
the effect of the yield in the shear stress distribution in the end cap using the Paraboloidal 
Yield Criterion, it is necessary to refer to equation 6.28 which explains how the change 
in the shear yield stress is associated with the values of direct stress. In fig 7.23(b) it can 
be seen that the two points close to the tip of the second thread (illustrated by the dotted 
lines) have local maximum and minimum values and these positions will be referred to as 
points A and B respectively, see fig 7.5. This sequence of stresses is repeated along the 
length of the overlap. As the load factors are increased and the yield in shear progresses, 
the local peaks tend to shift such that point A moves towards point B as shown in fig 
7.24(a) and eventually the local maximum shear stress at point A will have moved to 
position B and the local minimum shear stress will be at point A. Figs 7.25(b) and 
7.27(b) show that the direct stresses do not undergo this shift. It will be noticed that the 
direct tensile stresses at point A increases and decreases to a compressive state at point 
B. Consequently in equation 6.28 will have a large value at position A and a lesser value 
at position B and therefore the shear stress will have a greater value at point B than at
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point A. When the Paraboloidal yield criterion condition occurs, the shift of the local 
maximum values of the shear stress distribution is associated with the progress of the yield 
of the material. It can be seen that in fig 7.24(b) the local maximum values of the shear 
stress at the closed end of the cap is still at point A indicating that yield is not occurring.
As in the Von Mises yield criterion no yield takes place in the peel stress distribution but
the peel stress near to the free end of the cap is limited to a maximum value. The tensile
and hoop stresses then decrease in value away from this point.
7.7 STRENGTH OF THE END CAP
Because of the practical limitations of time and running costs of ABAQUS it is not 
possible to load the system beyond the twenty three increments in order to yield the whole 
adhesive layer. The analysis was therefore repeated on half of the overlap length; the latter 
was now 25 mm. The load, however, was still applied at five distinct points along the 
external circumference of the cap. Two cases will again be considered. These are when:
(a) the inside surface of the cap is smooth,
(b) the inside surface of the cap has nine threads.
The Von Mises yield criterion and the Paraboloidal yield criterion will be used to analyse 
these two cases.
Figs 7.28 - 7.32 show the yield spread for case (a) above; the complete shading and the 
speckled shading represents the spread using the Von Mises and the Paraboloidal yield 
criteria respectively. The adhesive and the end cap adherend thicknesses are 1.1 and 2 mm 
respectively. Both criteria show that the yield starts close to the end of the loaded side 
of the adherend; this area is where the maximum stress occurs.
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At early stages in the loading cycle the yield spreads more quickly along the overlap length 
using the Paraboloidal yield criterion than using the Von Mises yield criterion but at load 
factor 1.3 the converse is true and the Von Mises yield criterion commences to cause yield 
to occur at scattered points along the joint due to the effects of high stress concentrations 
under the applied load.
Complete yield of the adhesive is reached at local levels of 42.5 KN and 44.8 KN using 
the Von Mises yield criteria and the Paraboloidal yield criterion respectively.
Figs 7.33 - 7.38 show the spread of yield for case (b) above. At an early stage both 
criteria confine the spread of yield to the layer of adhesive above the tube. At load factor 
1.1, fig 7.34(b), the Paraboloidal yield criterion commences to reflect the influence of the 
threads and the yield spreads more quickly along the length of the joint, at discrete points 
under the threads, than is the case with Von Mises yield criterion. However, at load factor 
1.3 the latter criterion commences to spread more rapidly than the former and at load 
factor 1.5 the Von Mises yield criterion has a different yield pattern to that of the 
Paraboloidal yield criterion. At load factor 1.7 the yielding in the adhesive predicted by 
the former criterion is complete whereas yielding predicted by the Paraboloidal yield 
criterion continues to load factor 2.1; this represents a maximum increment of 422. These 
two ultimate yield criterion represent maximum loads of 42.5 KN and 52.5 KN.
7.7.1 Maximum Effective Plastic Strain
If the adhesive behaves in an Elastic-Plastic-Brittle manner the failure load of the tubular 
joint may be determined by using the maximum effective plastic strain criterion. The 
failure load is assumed to occur when the maximum effective plastic strain reaches a value
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of 0.025; this value is obtained by loading the adhesive, in pure tension, to failure. Figs 
7.39 and 7.40 show the plots of maximum effective plastic strain against the applied load, 
the former for the Von Mises yield criterion analysis and the latter for the Paraboloidal 
yield criterion analysis.
At the maximum effective plastic strain the Von Mises yield criterion predicts failure loads 
of 24 and 28 KN for the threaded and the unthreaded joints respectively (fig 7.39). The 
Paraboloidal yield criterion predicts failure loads of 20 and 24 KN for the two joints (fig 
7.40).
Figs 7.41 - 7.43 show the shear and direct stress distribution at the interface. The effect 
of the yield along the joint is predicted by the Von Mises yield criterion and the 
Paraboloidal yield criterion. There are local maximum and minimum peak shear stresses 
with the global maximum at the edge of the unloaded side (fig 7.41(b)).
The overall effect of the yield on the peel stress when the system is being analysed using 
the Paraboloidal yield criterion is that the value of the stress along the overlap is reduced 
but the local maximum positive values underneath the threads do not change sign as the 
load increment increases. This is in contrast to the behaviour of the tensile stresses which 
become negative as the load increases; this is shown in fig 7.43(b). It will be noticed that 
another peak value in the direct stress distribution is formed near to the closed end of the 
cap.
Attempts were made to predict failure of the threaded joint and to compare this with an 
identical joint which did not have the internal threads. Table 7.3 show the failure results,
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for the two types of joints, as predicted by the full yield of the adhesive interface layer 
and by the effective plastic strain.
Table 7.3 Failure of Threded and Unthreded Joints as  
Predicted by the Yield Failure Criteria and 
the Plastic Strain
Joi nt Failure Load KN
Type Yield Failure Criteria Maximum Effective Plastic Strain
Von Mises Paraboloidal Von Mises Paraboloidal
Threaded 4 2 .5 5 2 .5 2 4 2 0
Unthreded 4 2 .5 4 4 .8 2 8 2 4
The failure loads of the first prediction are higher than those of the second one. This 
result would be expected as the bond between the adhesive and the tube is sustained as 
yielding progresses whilst the adhesive disintegrates throughout the lap joint as the 
initiation of a crack occurs near the free end of the end cap. It will also be seen that 
under the Paraboloidal yield criterion analysis a greater failure load, calculated from the 
yielding of the adhesive interface layer, is obtained compared with that predicted by the 
Von Mises yield criterion. The failure loads calculated and related to the adhesive 
interface layer and to the effective plastic strain for the threaded joints are shown to be 
weaker under both failure criteria compared with the unthreaded ones.
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7.8 EXPERIMENTAL TESTS ON THE END CAP
Fig 7.44(a) and (b) shows the support arrangement for gripping the end cap in an Instron 
Testing Machine. The connecting plates of the skeletal system were represented by a split 
steel tube in which slots were milled to receive the tapered ribs of the end cap. The 
experimental set-up represented the condition the member would experience if it were 
exposed to an axial tensile force in a space structure and could be compared directly with 
the theoretical investigation.
Table 7.4 Test Results for Failure of End Caps
Failure load/average  
of four tests
Unthreded end cap 25.5 KN
Threded end cap 29.0 KN
The ends of the pultruded tubes were roughened by abrading with emery paper, and a 
measured quantity of Ciba-Geigy adhesive MY753/HY956 was poured into the annulus of 
the threaded end cap. The tube was then lowered into the space and the whole was cured 
at 40 C for 8 h. In the case of the non-threaded end cap, resin was distributed around the 
abraded pultruded tube and then pushed into the annulus of the unthreaded end caps. The 
whole joint was cured as above.
The results for the tests are given in table 7.4; the rate of loading of the specimen was 1 
mm/min.
From an experimental point of view it appears that the most efficient joint is the threaded 
one where the failure load is in the range 26.0 kN-31.0 kN. Further tests would need to
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be undertaken before firm conclusions could be drawn on the failure mechanism of this 
joint, but from initial observations it would appear that an interface shear of the surface 
layers of the matrix material and glass fibre of the pultruded tube is the most likely one. 
From fig 7.45 it can be seen that some glass fibres remain bonded to the cap after failure 
of the joint.
7.9 COMPARISON BETWEEN THEORETICAL AND EXPERIMENTAL RESULTS
It has been shown in the previous chapter that the failure load for tubular joints, predicted 
theoretically by the maximum effective plastic strain, is not affected by the overlap length 
when the latter exceed 25 mm. Therefore, the results shown in table 7.3 which represent 
the failure loads of the threaded and the unthreaded joint for an overlap length of 25 mm, 
are valid to use for an overlap length of 49 mm. Hence it is possible to compare the 
results of table 7.4 with the theoretical prediction based on maximum effective plastic strain 
from table 7.3.
The scatter of the experimental results makes it difficult to compare with the theoretical 
ones. However, both criteria fail to show the strength gained by the threads when the 
failure mode is assumed to be more brittle.
Figs 7.46 and 7.47 show the plots of the maximum effective plastic strain against the 
applied load for the two types of joints shown in fig 7.3 and 7.4 but with an adhesive 
thickness, in the unthreaded joint, of 0.1 mm and end cap adherend thickness of 3 mm. 
It will be noticed that the maximum effective plastic strain criteria show no differences in 
behaviour between the threaded and the unthreaded joints.
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Finally, more detailed plots of the stress distribution in the end cap as the yield progresses 
are shown in Appendix C.
7.10 OBSERVATIONS
The linear analysis applied to tubular joints showed that an efficient joint could be 
achieved when the application of the load is through an end cap near five distinct on the 
cap’s outer surface. In addition, if threads are moulded into the inner surface of the 
adherend end cap, the stress distribution along the overlap length is more uniform and these 
threads do not affect the maximum values of the adhesive stresses in the vicinity of the 
free edge of the joint.
The non-linear analysis using the Von Mises yield criterion showed that, by observing the 
shear stress distribution along the overlap-length of the joint, the spread of yield was more 
readily predictable than it was when the Paraboloidal yield criterion was employed. Local 
areas of maximum and minimum peaks and troughs of shear stress values along the overlap 
length were observed in the Paraboloidal yield criterion Analysis.
The effects of the threads on the yield of the adhesive layer has been illustrated using the 
properties of an elastic perfectly plastic material. However, if the failure was a brittle one 
commencing at the stress concentrations situated at the edges of the joint then an analysis 
based on a brittle failure mechanism would show that the threads have no effect.
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CHAPTER 8
CONCLUSIONS
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The essential nature of stress concentrations in adhesive joints have been established for 
many years. However, the present thesis has shown that in recent years there have been 
considerable advances in the ability to measure the basic engineering properties of the 
adhesive and to couple this data with increasingly realistic analyses on the nature and 
magnitude of the stresses in joints.
Until recently an analyst who wished to use a yield criterion that was not available in a 
standard package had to modify one of the publicly available programs in order to perform 
an analysis. The ABAQUS finite element package is well epdowed with facilities for non­
linear analysis and the "user subroutine" facility, which allows a user of ABAQUS to write 
a subprogram defining the material constitutive relations, has been used successfully in this 
thesis, with two specific complex models representing polymer material and has been 
shown to be quite flexible and relatively easy to use. Obviously it is a powerful tool but 
is intended for advanced users.
The stresses in adhesive bonded tubular lap joints have been examined and with the 
assumption that the joint materials are linearly elastic, it has been shown that there is 
reasonable agreement between the observations of the stress distributions obtained for an 
adhesive bonded tubular joint by the finite element method and classical analytical 
techniques. Detailed presentations of the stress distribution along the interface between the 
adhesive layer and the inner tube, as the yield progress, have been shown for the first time 
in this thesis. The elastic-perfect-plastic analyses were undertaken by the finite element 
method and the Von Mises yield criterion and the Paraboloidal yield criterion were used 
and compared. It has been shown that the shear yield stress under the Paraboloidal yield
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analysis is no longer a constant value throughout the plastic region, as the Von Mises 
analysis suggests, but increases as the distance increases from the two free ends towards 
the middle of the overlap. In addition, the direct stresses generated in the adhesive, as a 
result of the eccentricity of the loading of the joint, have shown a significant reduction in 
their peak values near the edges when the Paraboloidal yield criterion was used in the 
analysis. Furthermore, the plots of the maximum direct stresses against the applied load 
and under yielding derived from the Paraboloidal yield criterion analysis reflected the 
idealised tensile stress-strain curve. Finally, a noticeable decrease in tensile and hoop 
stress values have occurred when an increase in these values were expected, this unloading 
in the direct stresses have been shown to be limited to the Paraboloidal yield analysis.
For the first time, two different regions have been defined by the above elasto-plastic 
analysis on the tubular joints. One is near to the edges of the adhesive layer and the other 
comprises the rest of the overlap area. The latter region has been referred to as Zone II 
while the former as Zone I. It has been shown that any technique used to predict the 
influence of the glue-line thickness on the joint strength was limited if the analysis is 
confined to Zone I. Furthermore, it has been shown that for the configurations considered 
a failure criteria based on complete yielding of the overlap area has given good predictions 
of joint strength and, for the first time, has shown thinner tubular lap joints to be stronger.
The linear analysis applied to tubular joints showed that an efficient joint could be 
achieved when the application of the load is through an end cap at five distinct points on 
the cap’s outer surface. In addition, if threads are moulded into the inner surface of the 
adherend end cap, the stress variation along the overlap length is more uniform and these 
threads do not affect the maximum values of the adhesive stresses in the vicinity of the
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free edge of the joint. Furthermore, the non-linear analysis using the Von Mises yield 
criterion showed that, by observing the shear stress distribution along the overlap length 
of the joint, the spread of yield was more readily predictable than it was when the 
Paraboloidal yield criterion was employed. Finally, if the failure was assumed to be a 
brittle one commencing at the stress concentrations situated at the edges of the joint then 
an analysis based on a brittle failure mechanism would show that the threads have no 
effect.
Tests on the unique end cap developed at the Composite Structures Research Unit of the 
Department of Civil Engineering in Surrey University have indicated that the threaded 
joints are favoured to the unthreaded ones, however, no correlation of experimental results ^  
and analytical results were possible because the failures occurred outside the adhesive layer 
(by interface peel or composite delamination), whereas the finite element analyses were 
based on the yielding of the adhesive.
It is concluded in this thesis that the most appropriate criterion to use is the Paraboloidal 
yield one when analyzing adhesive bonded joints, however, in the absence of such a 
criterion, as is the case in almost all the standard packages, it is reasonable to use the Von 
Mises yield criterion if failure is limited to the area close to the edges of the joint (Zone 
I).
Recent parameter studies undertaken as a joint project between the author and a final year 
student in the Department of Civil Engineering has confirmed that the decrease of the 
tensile stresses at some considerable distance from the edges, as the applied load increases, 
is dependent upon the adherend properties, the joint geometry and the yield criterion.
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FUTURE WORK
(1) More research is required to establish a brittle failure criterion which could reflect the 
influence of the joint geometry on the strength of the tubular joints when the experimental 
failure mode is brittle.
(2) More work is needed to establish a firm relationship between the joint geometry, the 
adherend properties and the decrease in the tensile stress values.
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Fig 2.1 Some common engineering adhesive joints
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( d )
Fig 2.2 Types of stresses, (a) Normal (or direct) stress, 
(b) shear stress, (c) cleavage stress, (d) peel stress.
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Fig 2.3 Schematic representation of single lap joint
(a) Unloaded, (b) loaded in tension, inextensible substrates, and 
(d) distribution of elastic shear stress in the adhesive layer.
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Fig 2.4 Single-lap joint analysed by Volkersen (1938):
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(b) section through deformed joint showing assumed forces.
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Fig 2.5 Schematic representation of how the eccentricity of the 
loading path in a single lap joint gives rise to bending moments
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Fig 2.9 Examples of lap joints with tapered substrates.
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Fig 2.10 Diagram o f lap joints showing different types 
of adhesive edge, (a) Square (90®) edge, (b) 45® spew fillet.
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aspect ratio = 20. [Solid lines for z = ±h /2  (interface); dashed lines for z = 0 (mid-plane).] [36]
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Fig 2.14 Single-lap joint test piece to ASTM D 1002-72 (dimensions in mm). [1]
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Fig 2.18 The axial-loaded butt joint.
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Fig 2.19 Typical adhesive stress-strain curves from AY 103 and MY750 butt joint specimens. [48]
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Fig 2.20 Adhesive tensile stress-strain curves from AY 103 and MY750 bulk specimens.
x: specimen failed, test interrupted.
Also shown is the mean and range of the butt joint strengths for AY 103 and MY750. [48]
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Fig 2.21 Adhesive stress-strain curves from BSL308A butt joint tests: 
specimen A; + specimen B (from Adams and Coppendale, 1979). [46]
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Fig 2.22 Various forms of the peel test (a) 180* T-peel test for flexible-to-flexible assembly; (b) 180* peel 
test for flexible-to-rigid assembly; (c) climbing drum test; (d) floating roller test (dimensions in mm). [1]
Fig 2.23 Boeing wedge test. [1]
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Fig 2.24 Cohesive and adhesive bond failure: (a) and (b) cohesive; (c) adhesive; 
(d) 60% adhesive, 40% cohesive.
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10
MITTLt AOHtSIVI8
6
OVCTIIEAOHESIVI 
' RPOMTEWEAATVRE
4
2
00 0.5 1.0 1.5 2.0SHEAR STRAIN (IN/IN.)
Fig 2.26 Adhesive stress-strain curves in shear. 
(10 ksi 5 70 MN/m^ ). [51]
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Fig 2.27 Representations of adhesive nonlinear shear behaviour. [51]
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Fig 2.28 Pattern of cohesive failure observed by Adams and Peppiatt for lap-shear joints with fillets.
(a) (b) (c)
Fig 2.29 Modes of loading, (a) Cleavage or tensile-opening mode; mode 1. 
(b) In-plane shear mode: mode II. (c) Antiplane shear mode: mode III.
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Fig 3.1 Standard Newton-Raphson.
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Fig 3.2 (a) Pure incremental method 
(b) Incremental/iterative method
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FIGURE 3.3 STRESS-STRAIN CURVE FOR A SIMPLE 
ONE-DIMENSIONAL TENSION OR 
COMPRESSION TEST
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FIGURE 3 .4  SIMPLE ELASTOPLASTIC MECHANICAL MODELS
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FIGURE 3 .5  STRESSES IN A THREE-DIMENSIONAL BODY
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Fig 3.6 Various yield criteria.
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START
NO
YES
Determines the flow vector, 
n, and alto do.
Evaluates the effective 
stress level.
Inputs data defining geometry, boundary 
conditions and material properties.
Evaluates the equivalent nodal forces 
for pressure loading, gravity loading, etc.
Sets to zero arrays required for 
accumulatioif o f  data.
Calculates the element stiffnesses for elastic 
and elaslo plastic material behaviour.
Solves the simultaneous equation system by 
the frontal method.
OUTPUT
Prints the results for this load Increment,
Presets the variables associated with 
the dynamic dimensioning process.
Checks to see if  the solution process, 
has converged.
Increments the applied loads according to  
specified load factors.
Calculates the residual 
force vector,
Sets indicator to  identify the type of 
solution algorithm e.g. Initial stiffness, 
tangential stiffness, etc.
Fig 3.7 Program organisation for two-dimensional elasto-plastic applications.
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Fig 3.8 Incremental stress changes at a point in an elasto-plastic continuum at initial yield.
F=0
Fig 5.1 Incremental stress changes in an already yielded point in an elasto-plastic continuum.
Fig 5.2 Refined process for reducing a stress point to the yield surface.
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Fig 5.3 Finite element mesh for a tubular joint
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Fig 6.1 Section through a tubular joint
Fig 6.2 The system of axes in a tube
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Fig 6.3 The tubular joint considered by Lubkin and Reissner
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Fig. 6.4. Representative distributions of stress, for tabular lap joints with
I t  =  0*025 and 2cjt =  5.
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Fio.6.5 Variation of the maximum value o f the principal shear stress (full line) 
and o f the principal tensile stress (broken line) with 2c j t  for v =  0 3, — a»
E  =  0-026, and /3 =  4, 100.
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Fig 6.9 The effect of the mesh size on the maximum value 
of the interface shear stress.
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Fig 6.10 The effect of the mesh size on the maximum value
of the peel stress.
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Fig 6.11 The effect of the mesh size on the maximum value of the
effective plastic strain.
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Fig 6.12 Shear Stress Distribution against overlap length
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Fig 6.13 Peel Stress Distribution against overlap length
as joint yields.
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Fig 6.14 Tensile Stress Distribution against overlap length
as joint yields.
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Fig 6.15 Hoop Stress Distribution against overlap length
as joint yields.
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Fig 6.16 Maximum Shear Stress against applied load.
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Fig 6.17 Maximum Peel Stress against applied load.
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Fig 6.18 Maximum Tensile Stress against applied load.
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Fig 6.19 Maximum Hoop Stress against applied load.
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Fig 6.20 Maximum Effective Plastic Strain against applied load.
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Fio.6.22Double-lap joint strengths compared with predictions from non­linear and linear analysis: i—•—i AY103; i—•—i MY750 (from Adams, (ioppendale and Peppiatt, 1978 ).
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Fig 6.23 Maximum Effective Plastic Strain against applied load.
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Fig 6.24 Maximum Effective Plastic Strain against applied load.
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of tubular joint.
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Fig . 6.26(3 )-Tensile failure load versus overlap length for 50.8 mm diameter tube-and-socket joint; BR-lOO adhesive bond.
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upon the peel stress distribution.
211
6 0 ,
0 . 1  mm
0 . 5 mm , 1 . 0  mm(N
E£\
Z
20 .
cocoliJ
h-LO 0 . 5 mm 0.1 mm 1 . 0  mm 0.1 mmLU
-2
0 . 1  mm
1 . 0  mm
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upon the hoop stress distribution.
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Fig 6-34 Maximum Effective Plastic Strain against the applied load.
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Fig 6.35 Maximum Effective Plastic Strain against the applied load.
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Fig 6.39 Spread of Yield at load Factors 0.6, 0.8 and 0.9
(Von Mises Criterion).
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Fig 6.40 Spread of Yield at load Factors 1.0, 1.1 and 1.2
(Von Mises Criterion).
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Fig 6.41 Spread of Yield at load Factors 1.3, 1.4 and 1.5
(Von Mises Criterion).
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Fig 6.42 Spread of Yield at load Factors 1.6, 1.7 and 1.8
(Von Mises Criterion).
221
LOAD INC.,15 
LOAD FAC. = 1 . 9
(a)
LOAD INC .16 
LOAD FAC. «  1.91
( b )
LOAD. INC .17 
LOAD FAC. =  1.92
(c)
Fig 6.43 Spread of Yield at load Factors 1.9, 1.91 and 1.92
(Von Mises Criterion).
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Fig 6.44 Spread of Yield at load Factors 1.93 and 1.94 
(Von Mises Criterion).
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Fig 6.45 Spread of Yield at load Factors 0.6, 0.7 and 0.8
(Paraboloidal Criterion).
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Fig 6.46 Spread of Yield at load Factors 0.9, 1.0 and 1.1
(Paraboloidal Criterion).
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Fig 6.47 Spread of Yield at load Factors 1.2, 1.3 and 1.4
(Paraboloidal Criterion).
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Fig 6.48 Spread of Yield at load Factors 1.5, 1.6 and 1.7
(Paraboloidal Criterion).
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Fig 6.49 Spread of Yield at load Factors 1.8, 1.9 and 2.0
(Paraboloidal Criterion).
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Fig 6.50 Spread of Yield at load Factors 2.1, 2.11 and 2.12
(Paraboloidal Criterion).
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Fig 6.51 Spread of Yield at load Factor 2.13 
(Paraboloidal Criterion).
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Fig 6.53 Combined Shear & Principal Stress distributions
at load Factors 0.5 and 1.1 (Von Mises Criterion).
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Fig 6.54 Combined Shear & Principal Stress distributions
at load Factors 1.6 and 1.9 (Von Mises Criterion).
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Fig 6.55 Combined Shear & Peel Stress distributions
at load Factors 0.5 and 1.1 (Von Mises Criterion).
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Fig 6.56 Combined Shear & Peel Stress distributions
at load Factors 1.3 and 1.9 (Von Mises Criterion).
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Fig 6.57 Combined Shear & Tensile Stress distributions
at load Factors 0.5 and 1.3 (Von Mises Criterion).
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Fig 6.58 Combined Shear & Tensile Stress distributions
at load Factors 1.6 and 1.9 (Von Mises Criterion).
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Fig 6.59 Combined Shear & Hoop Stress distributions
at load Factors 0.5 and 1.1 (Von Mises Criterion).
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Fig 6.60 Combined Shear & Hoop Stress distributions
at load Factors 1.3 and 1.9 (Von Mises Criterion).
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Fig 6.61 Combined Shear & Principal Stress distributions
at load Factors 0.5 and 1.0 (Paraboloidal Criterion).
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Fig 6.62 Combined Shear & Principal Stress distributions
at load Factors 1.6 and 1.9 (Paraboloidal Criterion).
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Fig 6.63 Combined Shear & Peel Stress distributions
at load Factors 0.5 and 1.3 (Paraboloidal Criterion).
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Fig 6.64 Combined Shear & Peel Stress distributions
at load Factors 1.8 and 1.9 (Paraboloidal Criterion).
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Fig 6-65 Combined Shear & Tensile Stress distributions
at load Factors 0.5 and 1.1 (Paraboloidal Criterion).
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Fig 6.66 Combined Shear & Tensile Stress distributions
at load Factors 1.3 and 1.9 (Paraboloidal Criterion).
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Fig 6.67 Combined Shear & Hoop Stress distributions
at load Factors 0.5 and 1.1 (Paraboloidal Criterion).
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Fig 6.68 Combined Shear & Hoop Stress distributions
at load Factors 1.3 and 1.9 (Paraboloidal Criterion).
Fig 7.1 Crimped and bonded aluminium end to a 25mm diameter tube.
Fig 7.2 (a) End cap outside view, (b) cross-section of end cap.
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Fig 7.3 Tubular single lap joint with inside surface smooth and 
load - application at five distinct points.
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Fig 7.4 Tubular single lap joint with moulded threads on inside 
surface - load applications at five distinct points.
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Fig 7.5 The end cap geometry and the threads arrangements.
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Fig 7.7 Different load arrangements.
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Fig 7.8 The Shear and Peel stress distributions when the load 
application at both ends.
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Fig 7.9 The Tensile and Hoop stress distributions when the load
application at both ends.
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Fig 7.10 The Shear stress against overlap length for different
positions of load application.
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Fig 7.11 The Peel stress against overlap length for different
positions of load applications.
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Fig 7.12 The Tensile stress against overlap length for different
positions of load applications.
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Fig 7.13 The Hoop stress against the overlap length for different
positions of load applications.
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Fig 7.14 Shear stress against overlap length for threaded tube.
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Fig 7.15 Peel stress against overlap length for threaded tube.
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Fig 7.16 Tensile stress against overlap length for threaded tube.
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Fig 7.17 Hoop stress against overlap length for threaded tube.
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Fig 7.18 Shear stress against overlap length
at load Factors 0.5 and 1.0 (Von Mises Criterion),
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Fig 7.19 Shear stress against overlap length
at load Factors 2.3 and 2.7 (Von Mises Criterion).
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Fig 7.20 Peel stress against overlap length
at load Factors 0.5 and 2.7 (Von Mises Criterion),
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Fig 7.21 Tensile stress against overlap length
at load Factors 0.5 and 1.0 (Von Mises Criterion).
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Fig 7.22 Tensile stress against overlap length
at load Factors 2.2 and 2.7 (Von Mises Criterion).
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Fig 7.23 Shear stress against overlap length
at load Factors 0.5 and 0.8 (Paraboloidal Criterion).
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Fig 7.24 Shear stress against overlap length
at load Factors 1.8 and 2.7 (Paraboloidal Criterion).
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Fig 7.25 Peel stress against overlap length
at load Factors 0.5 and 2.7 (Paraboloidal Criterion).
270
LOAD INC .1
LOAD FAC. =  0 . 5
200_
120 .
80 .MIII—lo
5 50U i_ iI»- OVERLAP DISTANCE(mm)
- 00 .
- 120 ,
LOAD INC,.4
200.,
120.
80.
U)
• 5 SOUJ_j
Fig 7.26 Tensile stress against overlap length
at load Factors 0.5 and 0.8 (Paraboloidal Criterion).
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Fig 7.27 Tensile stress against overlap length
at load Factors 2.2 and 2.78 (Paraboloidal Criterion).
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Fig 7.28 Spread of Yield at load Factors 0.6 and 1.0
(for unthreaded joint).
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Fig 7.29 Spread of Yield at load Factors 1.1 and 1.2
(for unthreaded joint).
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Fig 7.30 Spread of Yield at load Factors 1.3 and 1.4
(for unthreaded joint).
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Fig 7.31 Spread of Yield at load Factors 1.5 and 1.6
(for unthreaded joint).
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Fig 7.32 Spread of Yield at load Factors 1.7 and 1.79 
(for unthreaded joint).
277
LOAD. INC.. 2 
LOAD FAC. = 0 - 6
LOAD INC .4  
LOAD FAC. = 0 . 8 .
Von M ises  Y i e ld  C r i t e r i o n
Parabo lo ida l  Y ie ld  Cr iter ion
( a )
Von Mises Y ie ld  Criter ion
Parabo lo ida l  Y ie ld  Cri ter ion
( b)
Fig 7.33 Spread of Yield at load Factors 0.6 and 0.8
(for threaded joint).
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Fig 7.34 Spread of Yield at load Factors 0.9 and 1.1
(for threaded joint).
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Fig 7,35 Spread of Yield at load Factors 1.2 and 1.3
(for threaded joint).
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Fig 7.36 Spread of Yield at load Factors 1.4 and 1.5
(for threaded joint).
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Fig 7.37 Spread of Yield at load Factors 1.6 
(for threaded joint).
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P a r a b o l o i d a l  Y i e l d  C r i te r io n
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Fig 7.38 Spread of Yield at load Factors 1.7, 1.75, 1.77 and 2.1
(for threaded joint).
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Fig 7 3 9  Maximum Effective Plastic Strain against the applied load.
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Fig 7.40 Maximum Effective Plastic Strain against the applied load.
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Fig 7.41 Shear stress against overlap length.
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Fig 7.42 Peel stress against overlap length.
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Fig 7.43 Tensile stress against overlap length.
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(a)
Fig 7.45(a) Section of failed end cap and pultruded tube.
(b )
Fig 7.45(b) Magnification (x 15) of interface shear failure between 
fibre and matrix in pultruded tube.
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Fig 7.46 Maximum Effective Plastic Strain against applied load.
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Fig 7.47 Maximum Effective Plastic Strain against applied load.
Appendix A 292
Values
of
Vectors
^1) ^29 ^3
293
a l
( 1. 1. 0 . 1) 
1
T __
2 ( 7 , )
-  ^O 'r 'Txy-  (O 'xO-ÿ xy
Appendix B 294
FIGURES OF COMBINED STRESSES AS THE 
YIELD PROGRESSES FROM LOAD INCREMENT 1 TO 15 AT 
A CORRESPONDING LOAD FACTOR OF
0.5 TO 1.9
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Figures of Combined Shear Stress
&
Peel Stress
(Von Mises criterion)
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Figures of Combined Shear Stress
&
Tensile Stress
(Von Mises criterion)
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Figures of Combined Shear Stress
&
Hoop Stress
(Von Mises criterion)
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Figures of Combined Shear Stress
&
Peel Stress
(Paraboloidal criterion)
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Figures of Combined Shear Stress
&
Tensile Stress
(Paraboloidal criterion)
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Figures of Combined Shear Stress
&
Hoop Stress
(Paraboloidal criterion)
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Shear Stress D istribution 
(Paraboloidal C riterion)
60.
30.
20.II
OVERLAP OISTANCEC
2 0 .
332
50.
10 .
30.
2 0 .I 10.
50
-10. OVERLAP OISTANCEC
■20j
60.
50.
10 .
30.
20.I 10.
50
1 0 . OVERLAP OISTANCECmo)
■20.
G0^
50.
10 .
20 .
50
OVERLAP OISTANCECon)
- 20 .
333
60,
50.
1 0 .
30.
I
50
OVERLAP OISTANCECmm)
-20.
G0_
50.
10.
30.
20 .II 50
10. OVERLAP OISTANCECmm)
G0-,
50.
10 .
30,
20.I 10.I 50
OVERLAP OISTANCECmm)
20 .
334
OVERLAP OISTANCECmm)
OVERLAP OISTANCECmm)
335
g ,0J
50.
OVERLAP OISTANCECmm>
OVERLAP OISTANCECmm)
OVERLAP OISTANCECmm)
336
OVERLAP OISTANCECmn)
_n _.n __n
OVERLAP OISTANCEC mm)
OVERLAP OISTANCEC wn)
337
OVERLAP OISTANCECmm)
OVERLAP OISTANCECmm)
f i— n _ n
OVERLAP OISTANCECmm)
.n __n . „ n  _ n
338
OVERLAP OISTANCECmm)
j i  ..Il _ n  _ J i  __n
OVERLAP OISTANCECmm)
28.
OVERLAP OISTANCECmm)
._ n  . . j  - . n - n  _ n
339
OVERLAP OISTANCECmm)
■ n ^ n ^ n _ n _ j
OVERLAP OISTANCEC mm)
Appendix C -II 340
Peel Stress Distribution 
(Paraboloidal Criterion)
.n  _ n  .- .n  j
OVERLAP OlSTANCECnin?
341
200.
1 20 .
80.
- 120.
2 00 -
180.
120.
80.
10.
-80.
-120j
2 0 0 -
120.
00.
10.
I
É
- 120 .
342
n U L J L J L a
200-
166.
120.
Ï
-80.
-120.
2 0 0 .
160.
00.
I
-8 0 .
-120,
343
_ .n  _ n  u i  _ n
200 .
120.
80.
m
50
i
-8 0 .
-t20J
120.
I
30
-8 0 .
- 120 .
344
1G0.
120.
00.
Iè
I 50
i
-8 0 .
-120.
200_
1B8.
120.
80.
I 50
•00.
-120.
200^
160.
120.
10.
I 50
i
-120.
345
200.,
120.
80.
50
i 10.
■00.
-120.
120.
80.
10.
50
•10,
-120.
200.
IG0.
120.
! 50
•80.
346
120.
80.
Iz
50
10.
80.
I20J
200-
120.
80.
10.
I 5 0
i
-120.
120.
50
-120.
347
120.
50
ui - 1 0 .
I20j
120.
I 50
i 10.
80.
120.
120j
I
I 50
Î
-00J
120J
348
200.
iseJ
120.
80.
Iè
50
10.
-120.
Appendix C-III
Tensile Stress Distribution 
(Paraboloidal Criterion)
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Shear Stress Distribution 
(Von Mises Criterion)
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Peel Stress Distribution 
(Von Mises Criterion)
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Tensile Stress Distribution 
(Von Mises Criterion)
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